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What this is

This is a small collection of material prepared by me for a seminar talk on Dynamical Systems and Fractals,
given at the Friedrich Schiller University of Jena, Germany in May 2011. Most of the material and proofs were
taken from [1, 2] and [3], although some definitions presented here may differ from what is found in one or the
other.



1 Preliminaries

1.0.1 Definition: Iterated dynamical system

Let X be some set and T : X — X some mapping. Then the tuple (X,T) shall be called an iterated
dynamical system and T the generator of its dynamic. It is called continuous if X is a topological space
and T is continuous. The tuple (X, &, u, T) is called a measure-preserving, iterated dynamical system!,
if (X, &, ) is a measure space and T': X — X measurable and measure preserving, that is po Tt = p.

1.0.2 Definition: Orbit

Let (X,T) be an iterated dynamical system. For some point € X, we call the set |, oy, {772} orbit of z
under 7.

1.0.3 Definition: Conjugated dynamical systems

Two iterated dynamical systems (X,T) and (X, T) shall be called conjugated if there exists a bijection ¢ :
X — X such that poT = To @. If the systems are continuous, we call them continuously conjugated
if the mapping ¢ can be chosen to be continuous in both directions. If (X, &, u,T), (X,&, 1, T) are measure
preserving systems and ¢ measurable in both directions such that po ¢~ = [, then the systems are called
measurably conjugated.

Note that conjugacy is an equivalence relation between iterated dynamical systems. Similarly, continuous
(measurable) conjugacy is an equivalence relation between continuous (measure-preserving), iterated dynamical
systems.

2 Dynamical systems on probability spaces

2.1 Information and entropy of partitions

2.1.1 Definition: Partition and generated o-algebras

A measurable partition A of a measurable space (X, &) is a family of measurable, disjoint subsets of X,
covering the whole space X. For measurable partitions Ay, .., 4, of (X,&) we call the measurable partition
Voo Ag = {Np_; Ak : A € Ai} the refinement of all A;, .., A4,. We call a measurable partition B finer
than A (A coarser than B) and write A < B if AV B = B. Note that < is a partial order on the system of
measurable partitions of (X, &) and that A < AV B for all measurable partitions A, B.

We say that an increasing sequence of o-algebras (B,),cn converges to the o-algebra B and write ®,, 1
DB =0 [UneN %n]. For a countable number of measurable partitions (An)nen we write \/, .y An =
o (UneN Vi Ak). Thus for an increasing sequence A; < As < .. of measurable partitions o(A,) TV ey Ak-
We shall note Z(&) the system of all countable, measurable partitions of (X, &).

2.1.2 Definition: Information and entropy of partitions

Let (X, &, i) be a probability space, A € Z(&) a countable, measurable partition of (X, &) and ® C &. Then
the function

L(AR) ==Y 1a-Inpu(Alo(®)) (2.1)
AcA

is called information of A conditional upon ®. Here, u(A|o(®)) is the probability of A conditional upon
the o-algebra o(®) generated by B. We call the number

H, (ARB) = E, L (A) (2:2)

entropy of A conditional upon ®. For ® = {0, X} we call [,(A) := I,(A|®) simply information and
H,(A) .= H,(A|®) entropy of A. We shall note Z;(&, 1) the system of countable, measurable partitions of
(X, ®) which posses finite entropy with respect to p.

n literature[1] often simply called a dynamical system.



2.1.3 Proposition: Representation of entropy of partitions
Let (X, &, 1) be a probability space, A, B € Z(&) countable, measurable partitions of (X, &). Then:

L I,(A) = =3 acala-Inu(A) p-almost everywhere.

2. Hy(A) = = > qea t(A) - Inp(A).
3. For any A € & and p-almost all 2 € X one has u(A|o(B))(x) = u(A|B) with « € B € B.

4. Hy(AIB) = — " j(B) Y u(AIB)npu(A|B).

BeB AcA

Proof: Follows from the definitions of information and entropy.

2.1.4 Properties of information and entropy of partitions
Let (X,®, ) be a probability space, A, B,D € Z(&) countable, measurable partitions of (X,&) and » C &.
Then:

1. I,(A|®) > 0 p-almost everywhere.
2. I,(A|®) = 0 p-almost everywhere if and only if A € o(®) for all A € & with p(A) > 0.
If A < B then I,(A|®) < I,(B|®) p-almost everywhere.

-~ W

If B < D then H,(A|D) < H,(A|B). In particular H,(A|D) < H,(A).
H,(A) <In|A

(Triangle inequality) H,(A|D) < H,(A|B) + H,(B|D).

I,(AvV B|D) = I,,(A|D) + 1,(B| AV D) p-almost everywhere.

H,(AV B|D) = H,(A|D) + H,(B|Av D) < H,(AD) + H,(B|D).

© »®» 3 = o

Consequently, H,,(A) — H,(B) = H,(A|B) — H,(B|A) if both sides are well-defined.
10. If o(A) and o(B) are independent, then I,,(A|B) = I,,(A) p-almost everywhere and H,(A|B) = H,,(A).
11. If o(A) and o(B) are independent, then I,(AV B) = I,,(A) + I,(B) p-almost everywhere.

Proof: For (5) use the concavity of In(-) and Jensen’s inequality A.2.7. For the rest, see [1], Proposition 20 &
Korollar 15 and [2], Theorem 1.3.1.

2.1.5 Lemma: Continuity of information and entropy

Let (X, &, 1) be a probability space, A, A,, € Z1(&, 1) be countable, measurable partitions with finite entropy
and B,®,, C & be o-algebras. Suppose that B,, T B (that is, o(|J, B,) = B) and o(A,,) 1 o(A). Then:

1. 1,(An|®) 1 I,(AD) p-almost everywhere.
2. Hy(Anl®) T Hyu(ARD).
3. L(A®,) =5 I,(A®B) p-almost everywhere.
4. H,(AD,) | H,(AlD).

Proof: See [1], Satz 103.

2.2 Kolmogorov-Sinai entropy of dynamical systems

We have up to now developed the notions of entropy for mere partitions of probability spaces without reference
to any underlying dynamic. We shall now use these preconsiderations to introduce the Kolmogorov-Sinai entropy
for measure-preserving, iterated dynamical systems (X, &, u, T) on probability spaces (X, &, u).



2.2.1 Definition: Entropy of a dynamical system

Let (X, &, 1) be a probability space, (X, &, u, T') a measure-preserving, iterated dynamical system and A € Z(&)
a countable, measurable partition of (X,&). Then

hu(T, A) == H, [A| \/ T’“(A)] (2.3)

keN

is called mean entropy of A within the dynamical system. It corresponds in a sense to the entropy of the
partition conditional upon all its pre-images. The supremum

hu(T) :=sup {h,(T,A): Ac Z,(&, )} (2.4)

is called the (measure-theoretic or Kolmogorov-Sinai) entropy of the dynamical system.

2.2.2 Proposition: Invariance of the Kolmorov-Sinai entropy
Two measurably conjugated, measure-preserving, iterated dynamical systems have same Kolmogorov-Sinai en-
tropy.

Proof: See [1], Satz 109.

2.2.3 Theorem: Representation of mean entropies [Shannon-McMillan-Breiman]|

Let (X,&, ) be a probability space, (X, &, u,T) a measure-preserving, iterated dynamical system and A €
Z1(&, 1) a countable, measurable partition of (X, &) with finite entropy. Then

n—1

\/ T7%A
k=0

with the sequence on the right hand side monotonically decreasing.

Proof: See [1], Satz 104.

1
hu(T, A) = lim —H,

n—oon,

, (2.5)

2.2.4 Lemma: Properties of the mean entropy

Let (X, &, 1) be a probability space, (X, &, u,T) a measure-preserving, iterated dynamical system and A, B €
Z1(&, 1) countable, measurable partitions of (X, &) with finite entropy. Then:

1. h, (T, A) < H,(A).
2. hy(T,AV B) < h,(T, A) + h,(T,B).
3. If A< B then h,(T,A) < h,(T,B).
4. h,(T,A) < h,(T,B)+ H,(A|B).

Proof: See [2], theorem 1.4.4 and [4].

2.2.5 Lemma: Persistency of entropy approximation

Let (X,&, u) be a probability space and (X, &, u,T) a measure-preserving, iterated dynamical system. Let
A,B € Z,(&, 1) be countable, measurable partitions of the space such that H,(A|B) <e. Then

n—1
\/ 177*B

k=0

n—1
H,|\/ T7*A| <H, + ne (2.6)

k=0

for any n € N.



Proof: The following proof was taken from [2]. Note A™ :=\/7_) T=% A and B™ := \/}Z) T~*B. Then

2.1.4(6) 1.4(8) n—1
H,(A™) < H,(B™) + H,(A™|B™ ) < HL(BM™) Y H (TR AIB™)
k=0
2.1.4(4) n—1 (2.7)
< H,(B™)+ > H,(T*AT™*B) < H,(B™) + ne

Hy,(A|B)<e

as claimed.

2.2.6 Proposition: Characterization of entropy by finite partitions

Let (X,®, ) be a probability space and (X, &, u, T) a measure-preserving, iterated dynamical system. Then
its Kolmogorov-Sinai entropy may be taken as the supremum

hy(T) = sup {h, (T, A) : A € Z(&), |A| < oo} (2.8)

over all finite, measurable partitions of (X, &).

Proof: Clearly, it suffices to show inequality “<” in (2.9). For that, it suffices to show that for any ¢ > 0
and any countable, measurable partition A € Z;(&, u) with finite entropy, there exists a finite, measurable
partition B such that h, (T, A) < h,(T,B)+¢. By lemma 2.2.5 and representation (2.5), it suffices to show that
H,(A|B) <e. Nowlet A= {A;,Ay,..} € Z,(&, ) be given. As A has finite entropy, we can fix an m € N such
that

oo

= > A Inp(A,) <e. (2.9)

n=m-+1

Set B, := Ay for n € {1,..,m}, By := U,_,,., An and B := {By, .., By,}. Then B is a finite, measurable
partition and satisfies

2.1.3(4 >
H,(AB) >'2Y ZZM (AN By) In (A Bo) = 3 (A, 1 Bo) In(Ag| Bo)
n=lk=1 " g7,y 0 if n=k k=1"0 i k<m
- = 1(Ag)
=— Y AN Bo)np(Ag[Bo) = — Y p(Ax)In (Bo) (2.10)
k=m+1 k=m-+1 Y
<— Y pAp)np(Ag) <e
k=m+1
as intended.
O

2.2.7 Theorem: Representation of entropy [Kolmogorov-Sinai]

Let (X,®, u) be a probability space and (X, &, u,T) a measure-preserving, iterated dynamical system. Let
(Ap)nen € Z1(&, ) be a fining sequence of countable, measurable partitions of (X, &) with finite entropy, such

that & [Uyenmen T"°An| = & Then
h,(T) = nlgrgoh (T, Ap). (2.11)
In particular, if A € Z1(&, p1) is such that \/; T~*A = & (we say that A is a generator for (X, &, T)), then
hu(T) = h,(T, A). (2.12)

Proof: See [1], Satz 106.



2.2.8 Lemma: Entropy of higher order dynamics
Let (X, &, 1) be a probability space and (X, &, u, T) a measure-preserving, iterated dynamical system. Then

h(T™) =1 - by, (T) (2.13)

for any n € Ng.
Proof: See [1], Satz 105.

2.2.9 Theorem: Entropy as an affine mapping

Let (X, &) be a measurable space, T': X — X measurable and M(&, T') the convex set of all probability measures
on (X,®) preserved by T. Let A € Z(&) be a countable, measurable partition of the space. Then:

1. The mapping M(&,T) — [0, 00], p— h,(T,.A) is affine, that is
hAu+(1—A)V(T7 A) =X h#(Ta -A) + (1 - )‘) . hl/(Ta A) (214)
for all p,v € M(&,T) and A € [0,1].
2. The mapping W(&,T) — [0,00], p+> h,(T) is affine.

Proof: See [5], proposition 10.13.

2.2.10 Example: Entropy of finite dynamical systems

Let (X,®, ) be a probability space and (X, &, u,T) a measure-preserving, iterated dynamical system. If the
o-algebra & is finite, the system’s Kolmogorov-Sinai entropy vanishes.

Proof: The system of atoms A of & is the finest measurable partition of (X,&). It generates already by
its self the o-algebra &, thus by Kolmogorov-Sinai 2.2.7 h,(T) = h,(T,A). Now, for any n € N one has
A= Z;S T*A, so that actually A = \/Z;é T-*A. By Shannon-McMillan-Breiman this implies h, (T, A) =
lim 1H,(A)=0.

O
3 Dynamical systems on metric spaces
3.1 Topological pressure
In the following we shall restrict ourselves to iterated dynamical systems on compact metric spaces.
3.1.1 Definition: Bowen-Metric
Let (X, d) be a metric space and (X,T') an iterated dynamical system. For n € Ny we note
dn(z,y) = sup d(T"z,T*y) (3.1)

0<k<n—1

for any z,y € X. The so defined metric d,, : X x X — Ry is called the n-th Bowen-metric of the dynamical
system. It can be interpreted as the maximum distance between the two orbits {T’“}Z;g and {Tky}z;é

Remarks:

(i) The Bowen-metrics d,, are growing in n, that is d,, < d,,+1 for any n € Np.

(ii) Each Bowen-metric is equivalent to the intrinsic metric d, provided that 7" is continuous.



3.1.2 Definition: (d,e)-separated sets
Let (X, d) be a metric space and € > 0. A subset N C X is called (d, ¢)-separated if

inf{d(z,y) :x #y € N} >e. (3.2)

It is called maximally (d,¢)-separated if it is maximal by inclusion with that property, that is, N U {z} is
no longer (d, €)-separated for any other point € X \ N.

3.1.3 Proposition: Extension to maximally separated sets
Let (X,d) be a metric space, ¢ > 0 and N C X some (d, ¢)-separated subset. Then there exists a maximally
(d, e)-separated subset N C X containing N.

Proof: Let NV C 2% be the system of (d, ¢)-separated subsets containing N, equipped with the partial order of
inclusion. Then every totally ordered subset M C N has an upper bound in N, namely (J,,c (M. By Zorn’s

lemma, N has a maximal element N € N. Obviously N is maximally (d, €)-separated and includes N.
O

3.1.4 Definition: Topological pressure

Let (X, d) be a compact metric space and (X,T') an iterated dynamical system with n-th Bowen metric d,,. For
€ >0, n € N and any continuous function f € C(f,R) we shall call

S f(rh)

k=0

S(d,e, f,T,n) := sup { Z exp

rEN

: N is (d, e)-separating set} (3.3)

f-weighted e-capacities of the system. The infinitesimal asymptotic growth rate

1
Piop(T, f) :== lim limsup - InS(dn,e, f,T,n) (3.4)

e=0T nooo

is called the topological pressure of the system for the potential f. For the special case f = 0 we call
Piop(T,0) =: hyop(T) topological entropy|3] of the system. The induced mapping Piop(7,-) : C(X) — R is
called topological pressure function of the system.

Remarks:

(i) For the special case f = 0 we shall call
S(d,e) :=sup{|N|: N C X is (d,e) -separated} (3.5)

e-capacity of the space (X, d). Note that this definition is not linked to T or any potential.

(ii) As (X, d) is totally bounded, the e-capacity S(d, €) is finite and equal to the cardinality of some maximally
(d,e)-separated set. It corresponds to the maximum number of open e-balls one can choose in X such
that neither one includes the center of the other.

For two metrics d < d on X one has S(d,e, f,T,n) < S(J, e, [, T,n).
For 0 < £ <€ one has S(d,¢, f,T,n) < S(d,e, f,T,n).
For any f € C(X) one has S(d,¢) - e"™) < S(d, e, f,T,n) < S(d,e) - e,

By remark (iv), the limit (3.1.4) exists.

3.1.5 Theorem: Topological pressure as a topological invariant

Let (X, d) be a compact metric space and (X,T) an iterated dynamical system. Then its topological pressure
function Piop(T),-) : C(T) — R is independent of the metric generating the topology of the space.



Proof: We shall provide a proof inspired by [1]. Let d be a topologically equivalent metric to d. Let
Piop(d, T, f) and Ptop(d T, f) be the topological pressures of some function f € C(X) defined with respect
to the metric d and d respectwely It suffices to show that Piop(d, T, f) < Ptop(d T, f). As the space is com-
pact, by A.2.4 the metrics d, d are uniformly equivalent, which means that for any given € > 0 there exists
an . > 0 so that d(z,y) > e implies d(z,y) > &.. This relation is inherited directly by the Bowen-metrics
d,, and élvn, with the same .. Thus every (d,,c)-separated set is also a (gn,gs)—separated one, meaning that
S(dn, e, f,T,n) < S(Jn,f?s, f,T,n) for every € > 0. As this holds for all n € N, one finds that

limsup — lnS(dn,E f,T,n) <limsup — lnS(dn,Ee,f,T n). (3.6)

n— oo n—oo

Now, since . can be chosen so that £. =3 0, (3.6) implies

Piop(d,T, f) = lim limsup —lnS(dn,E f,T,n)

e—=0t pooo

(3.7)
< lim limsup —lnS(dn,s f,T,n)= Ptop(c?,T,f),

=0t pnooo

as claimed.

3.1.6 Lemma: Estimation of capacities
Let (X, d) be some metric space. If 0 < 2¢ <& and N C X is maximally (d, €)-separated, then S(d,g) < |N|.

Proof: We show that |M| < |N| for every (d,&)-separated M C X by defining an injection g : M — N. For
any point x € M there exists at least one point y € N such that d(z,y) < &, because otherwise N would not be
maximally (d, €)-separated. We set g(x) = y. Now for different points x,Z € M one necessarily has g(x) # g(),
because otherwise d(z,¥) < 2¢ < £, a contradiction to the fact that M is (d, €)-separated. Thus g : M — N is
injective.

O

3.1.7 Lemma: Estimation of weighted capacities

Let (X, d) be a compact metric space and (X,T) an iterated dynamical system with Bowen-metrics (dy,),. Let
f € C(X) be some function with continuity module wy (see def. A.2.5). Then for 0 < 2¢ < £ and any maximally
(dp, €)-separated subset N, . C X the inequality

n—1
S(dn,& f.Tim) < @ 3 exp lZf(Tky) (3.8)

YEN, ¢ k=0

holds. Statement 3.1.6 thus becomes a special case for f = 0.

Proof: Note X7 f := ZZ;& foT*. Let M,z C X be some arbitrary (d,,)-separated subset. Then just as
in 3.1.6, one finds that there exists an injection g : M, # — N, such that d,(z,g(z)) < € for all z € M, ¢,
meaning that d(T*z, T*g(xz)) < € for all z € M, = and k € {0,..,n — 1}. Thus |f(T*z) — f(T*g(z))| < wy(e)



and consequently |(3%.f)(z) — (£%.f)(g(x))] < n-ws(e). Thus

Z eZrf(@) — Z e N g(@)+ (&7 ) (@)= (27 f) (9 (=)

TEMn & g(x)€g(Mp z)

< Z eCETHW) | gnwy (e)
y€g(Mn )
(3.9)
< emwr(e) Z eETHW) 4 enws(e) Z = f(@)
ye€g(Mp z) YEN,, \g(M, z)
= gnwir(e) . Z 82¥f(y)7
YEN, ¢
as claimed.
O

3.1.8 Theorem: Characterization of the topological pressure

Let (X, d) be a compact metric space and (X,T') an iterated dynamical system with n-th Bowen metric d,,. For
n € Nand € > 0 let N, C X be arbitrary, maximally (d,, €)-separated sets. Then the topological pressure of
any function f € C(X) takes the form

n—1
N 1 k
Piop(T, f) = s1_1>r(rJ1+ llrILIi)Solip - In Z exp lz f(T7x) (3.10)
TEN, . k=0
Proof: Note X%.f := Z;S foT*. Clearly inequality “>" holds in (3.10) as S(dy, &, f,T,n) > > cn . e>rf(@)
for all € > 0 and n € N. We shall show that for any £ > 0 the inequality 7
1 1 n
li —1InS(dy, 2, f,T,n) < li —1 B f(@)
imsup —In (dn,2e, f,T,n) <wy(e) + im sup ~ In Z e (3.11)

TEN, ¢

holds, with wy as the continuity module of f. By taking the limit ¢ — 0" this would readily imply inequality

+
“<”1in (3.10), as f is uniformly continuous and thus w¢(¢) 2% 0. But (3.11) follows directly from lemma 3.1.7
applied to € := 2¢.

O

3.1.9 Lemma: Properties of the topological pressure

Let (X, d) be a compact metric space and (X,T) an iterated dynamical system. Then the topological pressure
function P(T,-) : C(X) — R satisfies:

1. Positiveness, that is 0 < Pyop (T, f) for any 0 < f € C(X).
2. Lipschitz continuity with Lipschitz constant 1.
Convexity.

Sub-additivity.

inf(f) + htop(T) < Prop(T, f) < sup(f) + heop(T) for any f € C(X).

A AN

Piop (T, f) is either always finite or always infinite, corresponding to the cases hyop (1) < 00 and hiop(17) = o0.
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Proof:
1. As Inexp [¥%.f(x)] > 0 for any positive 0 < f € C(X), the topological pressure is clearly positive.
2. Choose for every n € N, € > 0 some maximally (d,, )-separated N, . C X, then by theorem 3.1.8
1 n n
| Peop (T, f) — Piop(T,g)] < lim limsup — |In Z 1@ _1p Z e>r9) (3.12)
e0T oo M SN yeN,

for any f,g € C(X). Furthermore

In Z eZrf@) _p Z 29w | — |1 Z e219(@) I (f-9)(=) _ 1 Z e219(Y)
TEN, . YENn & TE€Nn e YENn e (3.13)

<InelPrU=9le < p.||f - gl
so that (3.12) implies |Puop(T, f) = Prop(T, )| < 1 — gll.
3. Let A € [0, 1], then by Holder’s inequality (see A.2.6)

1 > SRSV @) — L 3 {eﬁ%f(r)r. [62%g<x>
n

(1=x)
; )
TEN, . TEN, -

A (1-))
Holder 1 n n
< 1 Erf(@) 279(y) 3.14
el | 3 o) |y o @10
TENp ¢ YEN, ¢
A neeey o (L= A) n
=21 Erf(@) . ra(y)
—In Z e~T + - In Z e”T
TEN, ¢ YEN, -
By theorem 3.1.8 thus
Prop(T, A f + (1= N)g) < APiop(T f) + (1 = A) Peop (T, 9).- (3.15)
4. For f,g € C(X) one has
1 n 1 n n
1 Er(f+9)(e) « = 2 f (@) 279(y)
L Y erow <Ly 5 e 5 o
rEN, - TEN, YEN, ¢
(3.16)
1 n 1 n
=21 Srfle) 4 = Sr9(y)
- n Z e~T + - In Z e~ TIW),
TEN, YEN, ¢
which implies the sub-additivity of Piop (T, ).
5. Follows readily from remark 3.1.4(v).
6. Follows from (5).
O
3.1.10 Proposition: Topological pressure of higher order dynamics
Let (X, d) be a compact metric space and (X, T) an iterated dynamical system. Then
Ptop(vax?f) = m'Ptop(T7 f) (317)

for any m € Ng and f € C(X), with X2 f := S 7' f o T*.
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Proof: Let d, be the m-th Bowen-metric of (X,T) with respect to the metric d. By remark 3.1.1(ii) the
metrics d and d := d,, are equivalent. By theorem 3.1.5 it suffices to show the equality of P, (T, X7 f) and
Pyop (T, f) taken with respect to the metrics d and d respectively. Let Eivn be the n-th Bowen-metric of the system
(X, T™) with respect to the metric d, then d,, = dpym. Similarly

n—1 n—1m—1
b SRS = Y (S 0T = 305 for it = g, 19
k=0 k=0 =0

so that S(c?ma, ST n) = S(dum, e, f,T,nm). Consequently

1 ~
Piop(T™, X7 f) = lim limsup ElnS(dn,s,E?f, T, n)

e—=0T n—ooco

1
=m- lim limsup 71DS(dnm,€,f,T,nm) (3'19)
e—=0t nooo m
=m- Ptop(Ta f)
O

3.2 Topological entropy

In the following we shall consider an iterated dynamical system (X,7) on a compact metric space (X, d) with
d,, as its n-th Bowen-metric, defined in 3.1.1. We have introduced in 3.1.4 the topological entropy of such a
system as topological pressure P, (T, 0) of the zero-potential, taking the form of the infinitesimal asymptotic
growth rate of capacities

1
hiop(T) := lim limsup —In S(d,,¢) (3.20)
e=0T nosoo N
of the space. As such, it is by theorem 3.1.5 a topological invariant of the system (X, T) and equal for continu-

ously conjugated, iterated dynamical systems.

If we consider two points z,y € X as distinguishable if and only if d(z,y) > € for some given ¢ > 0, then
dp(z,y) > e if and only if the orbits of x,y can at some point of time in {0,..,n — 1} be distinguished.

Figure 3.1: On the interpretation of the Bowen-metric
and the capacity S(dn,¢). Initially undistinguishable points
become along their orbits distinguishable if their Bowen-
distance is big enough.

S(dn,e) gives thus the maximum number of orbits, all pairwise distinguishable within some time between 0
and n — 1. The topological entropy can therefore be interpreted as asymptotic growth rate of the maximum
number of distinguishable orbits with time in the limit ¢ — 07. It is a measure for the dispersal of nearby
orbits and thus for the complexity of the system, uniquely defined by the topological nature of the underlying
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dynamics. Theorem 3.5.5 and corollary 3.5.6 provide with some further interpretations for an important class
of iterated dynamical systems, so called expansive ones. Example 3.5.10 gives the topological entropy for affine
transformations on the torus.

3.2.1 Theorem: Topological entropy as a topological invariant

Let (X, d) be a compact metric space and (X, T) an iterated dynamical system. Then its topological entropy is
independent of the metric generating the topology of the space. In particular, continuously conjugated, iterated
dynamical systems have equal topological entropy.

Proof: The theorem is simply a special case of the topological invariance of topological pressures, as stated
in 3.1.5. We shall nonetheless give a light version of the same proof to clarify the underlying ideas. Let d be
a topologically equivalent metric to d. Let hyop(d,T) and hyop(d, T') be the topological entropies of the system
defined with respect to the metric d and d respectively. It suffices to show that hiop(d, T) < htop(d T). As the
space is compact, by A.2.4 the metrics d, d are uniformly equivalent, which means that for any given € > 0 there
exists an &z > 0 so that d(x,y) > ¢ implies J(x, y) > Ec. This relation is inherited directly by the Bowen-metrics
d,, and Jn, with the same .. Thus every (d,,c)-separated set is also a (givn,gs)—separated one, meaning that
S(dy,e) < S(dyp,2.). As this holds for all n € N, one finds that

1 1 ~
limsup —In S(dy,e) < limsup — In S(d,, ;). (3.21)
n—oo N n—ooo N
~ &e—0

Now, since €. can be chosen so that €. — 0, (3.21) implies

hiop(d,T) = lim limsup —hl S(dp,e) < lim hrnsup — ln S(dy,8) = htop(d T), (3.22)

e—=0T nosoco N =0t npn—oo

as claimed.

3.2.2 Theorem: Characterization of topological entropy

Let (X,d) be a compact metric space and (X,T) an iterated dynamical system. For n € N and ¢ > 0 let
Ny, e € X be arbitrary, maximally (d,,, €)-separated sets. Then

hiop(T) = lim limsup — ln|Nn75|. (3.23)

e—=0t nooco

Proof: Clearly inequality “>" holds in (3.23) as S(dy, &) > |Np | for every n € N,e > 0. By lemma 3.1.6, for
each € > 0 and n € N one has S(d,,¢) < {Nnﬁ/z‘. Thus

1
hiop(T) = El_l)rélJr hern:ol(l}p - InS(d,,e) < E1_1%1+ hTIln_?Olip ln | Noeso|

(3.24)

= lim limsup — 1n|Nn,€|
e—=0t nosco

which was to be shown.

3.2.3 Proposition: Topological entropy of isometries

Let (X,d) be a compact metric space and (X,T) an iterated dynamical system, such that T : X — X is an
isometry of the space. Then its topological entropy is zero.

Proof: As T is an isometry, all Bowen-metrics equal the intrinsic space metric. Thus, the capacities S(d,, )

stay constant over n, so that hyep(T") = 0.
L]

3.2.4 Proposition: Topological entropy of higher order dynamics

Let (X,d) be a compact metric space and (X,T) an iterated dynamical system. Then hop(T™) = m - hyop(T')
for any m € Ny.
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Proof: The proof is merely a special case of 3.1.10. We present it nonetheless to clarify some concepts. Let
dy, be the m-th Bowen-metric of (X, T’) with respect to the metric d. By remark 3.1.1(ii) the metrics d and

d:= d,, are equlvalent By theorem 3.2.1 it suffices to show the equality of hyop(7™) and hyop(T) taken with
respect to the metrics d and d respectlvely Let d be the n-th Bowen-metric of the system (X, T™) with respect
to the metric d. Then dn = dpm, thus S(dn, €) = S(dpm, ). Consequently

1 1
htop(T™) = lim limsup —InS(dy,e) =m- lim limsup — In S(dppm,c) = m - hiop(T). (3.25)

e—=0T nosoco N e—=0T nosoco MM

O

3.2.5 Proposition: Topological entropy of periodic dynamics

Let (X,d) be a compact metric space and (X, T') an iterated dynamical system such that T is periodic, that is,
T™ = 1d for some m € N. Then the topological entropy hiop(T') is zero.

Proof: Using 3.2.4 we obtain hiop(T) = hiop(T™ 1) = (m + 1) - hiop(T), implying hiop(T) = 0.

3.3 Connecting topological pressure to the Kolmogorov-Sinai entropy

In sections 2.2.1 and 3.1.4 two different kinds of entropies were introduced for iterated dynamical systems.
The Kolmogorov-Sinai entropy requires solely a probability space and a measure-preserving map on it. The
topological entropy (or pressure for that matter) only required a compact metric space with a continuous
generator of the dynamic and was defined through the infinitesimal, asymptotic growth rate with time of the
number of distinguishable orbits. In this section we shall present the so called Variational Principle, which
connects the two concepts for probability measures defined on the Borel-o-algebra of the metric space. It was
proven for the zero-potential around 1970 by [6, 7, 8] and [9].

If % is the Borel-o-algebra of the underlying metric space (X, d), let M(Z) denote the convex set of all Borel
probability measures on (X, %). Recall that as X is compact, M(B) is weakly* sequentially compact. Let
W(AB,T) C M(A) denote the set of all T-invariant Borel probability measures on (X, %) for some T : X — X.
Then if T is continuous, M(A,T) is sequentially closed in the weak™ topology and thus its self sequentially
compact.

3.3.1 Lemma: Approximation of measure-theoretic entropies

Let (X,d) be a compact metric space with Borel-o-algebra £ and (X, %, 1) a probability space. Let A €
Z1(%, 1) be a countable (finite), measurable partition of the space with finite entropy. Let € > 0 be given.
Then there exists a countable (finite), measurable partition B = { By, By, Ba, ..} € Z1(%, i) such that:

e All By, Bs, .. are compacts.
o [H,(A) — H,(B) <-.
e H,(BJA) <eand H,(A|B) <e.

Proof: We shall restrict our selfs to the countable case, the finite one is proven in the same way. Let A =

Ay, Az, ..}, As X is compact, the measure p is regular. Also recall that x1n L $_>—0> 0. Thus for every n € N
Iz g

there ex1sts some compact B, C A,, such that

1

HA\Bo) I < S (3.26)

and
(A, \ By) - In M(;n) < % gm (3.27)

and
11(Ay) - In Zggzi < % 9, (3.28)



Let BO =X \ U
Now

nen Bn, then u(Bo) = > u(Ay \ Bn). We can thus even assume that u(By) In s < /6.

H“(A\B) = *.U(BO) Z .U(Am|BO) lnu m|BO Z ,u Z 771‘B )lnﬂ(Am‘Bn)

meN neN meN

Snm

0

#(Bo)
_ (Am N Bo) In ju(Am|Bo) = A\ B,,)In — 200
mze:N%,—O« ¢ldn|Bo) mze:N“( VB B (3.29)
( m\Bm) p#(Am\Bm)
u(Bo)
1 (326) e 5
< Ap\Bp)ln————— < =. 9—n — =
meN meN
On the other hand
|, (A) — H,,(B)| < |u(Bo) In pu(Bo) |+Z [1(A4n) 0 5(An) = In (B \+Z\ (Bn)] - In p(By,)
— (B 43 (4 (An\ Ba) T —
M(BO) — — N(Bn)
—_————
<5 <= by (3.28) <= by (3.27)
13
< =,
-2
(3.30)
Finally, by 2.1.4(9) H,(BA) < ¢
O

3.3.2 Lemma: Existence of fine partitions

Let (X, d) be a compact metric space with Borel-o-algebra % and (X, 4, u) a probability space. Then for every
€ > 0 there exists a finite, measurable partition A of (X, %) such that diam(A) < e and p(90A) = 0 for every
Ae A

Proof: We present the proof given in [2]. Let € > 0 be given, then by total boundedness of X there exist points
T1,...,2, € X such that X = J!, B(x;,e/4). For every fixed i € {1,..,n} the sets {z:d(z,z;) =7}, /4 <
r < /2 are closed and disjoint, so that only countably many of them can have positive measure. We can thus
choose an €/4 < g < /2 such that

p{x e X d(z,z;)=1r0}) =0 (3.31)

for every i € {1,..,n}. Set Ay :={z € X : d(x,x;) <ro} and inductively
i1
Ayi={r e X :d(z,z;) <ro}\ U A; (3.32)
k=1
for i € {2,..,n}. Then A := {A;,..,A,} is a partition of X satisfying diam(4;) < e for all ¢ € {1,..,n}.
Furthermore, p(9A;) =0 for every i € {1,..,n} as generally 9(A\ B) C 9A U B for any subsets A, B C X.
O

3.3.3 Theorem: The Variational Principle

Let (X, d) be a compact metric space and (X, T) a continuous, iterated dynamical system. Let 2 be the Borel-
o-algebra on X and M(A, T) the system of all T-invariant probability measures on (X, %). Then the pressure
of any continuous f € C(X) is given by

Piop(T, ) = sup {hu(T) VS € B, T)}. (3.33)
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In particular, is the topological entropy given by the supremum

hoop(T) = sup {hM(T) e M(B, T)}. (3.34)
Proof: We shall combine the proofs found in [1] and [2]. We shall in the first step show that Py, (T, f) >
hu(T)+E,f for any p € W(AB,T). Let A € Z,(%4, 1) be a finite, measurable partition. Let ¢ > 0 be given
and choose B = {By, .., Bs} € Z1(%, 1) as described in lemma 3.3.1, that is with By, .., Bs; as compacts and

H,(A|B) < 1. Note A™ := \/Z;é T7*A and B™ = \/Z;é T~FB for every n € N. Then by lemma 2.2.5
H,(A™) < H,(B™) +n. The T-invariance of p implies

1 1
EH#(A(”))Jr/f dp < 1+5Hu(8("))+/f du

1L S o)+ 1S [ et an

CeB™ k=0
1 . (3.35)
=1+— > | Sif du—p(C)Inp(C)
ceB) C
1 1 1
=14+ Z w(C)In | —— exp 7/Z%fdu ,
(e (@) n(©) J
which by concavity of In(-) and Jensen’s inequality A.2.7 implies
L, (A a4 1 nfd
SH (AT [ fdp < nzexpi/ﬁu
cest C (3.36)
<14 — ln P
i 2 oo o]
ceBn)

As X is compact, the closure C of every C € B™ is compact as well. By continuity of f, we can thus choose
some z¢,, € C such that X2 f(zc.,) = sup,cc X4 f(x). Now choose § > 0 such that?

5<§inf{d(3k,Bl):1gk¢lgs} (3.37)

and d(x,y) < ¢ implies |f(z) — f(y)| < 1. For each n € N, let N,, 5 C X be some maximally (d,,,)-separated
set, with d,, as n-th Bowen metric of the system. Then for each n € N and C' € B there exists some
Yo,n € Np s with d,, (2o .n, yon) < 6 and thus by (3.36)

1 1
ZH (A™ st n .
~ H,,(A™) + / fdp<1l4—In Y exp[S5f (yen) + 1] (3.38)
ceB™
Taking the limit limsup in (3.38) and applying the Shannon-McMillan-Breiman theorem 2.2.3, one obtains
n—oo
uw(T, A) + /f dp < hmsup = ln Z eErflven) 4o, (3.39)
n—oo
CceB™)
Now let M (n,d, B) be an upper bound for the cardinality of pre-images of the mapping B — Nps, C = yon-
Then
Z eZTf("/C n) < Z esz n 5 B) (340)
ceB™) YEN, 5

and (3.39) takes the form

hu (T, A) —|—/f dp <2+ limsup — ln Z =W Llimsup — lnM(n 0, B)
n—oo N YENw 5 n—oo N

(d7176an) (341)

< 24 Piop(T, f) + limsup flnM(n 4,B).

n—oQ

2Recall that all By, Ba, .. are compact and pairwise disjoint.
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Claim: M(n,0,B) < 2™
Proof: It suffices to show that
[{C e B™ :CnB; (z,0) #0}] <2m. (3.42)
for any « € X. Now by choice of §, one has by (3.37) for each y € X
{CeB:CNBj(y,d) #0}| <2, (3.43)

as any ball BY(y,d) can intersect at most one By, 1 < k < s (and perhaps By). Suppose that
cn B (z,0) # 0 for some C € B™ . Now C is of the form C = ﬂz;é T-*C}, with Cy, ..,Cp_1 € B.

Furthermore
n—1
BS (z,6) = (| T~"By(T*x,0)) (3.44)
k=0
so that
n—1 n—1 n—1
0 (T*Cx) () () T7HBYT 2,8)) € () T [Ch N BY(TFx,0)] , (3.45)
k=0 k=0 k=0

where we have used the fact that T is continuous. This implies that Cy N BS(T*z,58) # () for
every k € {0,..,n — 1}. By (3.43) there exist for each k at most two Cy € B satisfying this, so
that there exist overall at most 2" possible C' € B(™ whose closure intersects Bg (z,0). Therefore
M(n,0,B) < 2™ as claimed.

Consequently, (3.41) takes the form
hu(T, A) +/f dp <2+ Pyop(T, f) +1n2. (3.46)
Recall that (3.46) holds for all finite, measurable partitions A, so that by 2.2.6 it follows
ha(T) + / Fdp <24 (T, f) +1n2. (3.47)
Now replacing T with T and f with 7 f, (3.46) gives
h(T™) + /E?f dp <2+ Pop (T, 27 f) + In 2, (3.48)
which by T-invariance of p, lemma 3.1.10 and lemma 2.2.8 implies
m-h#(T)+m~/f dpu <2+m- Pop(T, f) +1In2. (3.49)
Dividing by m and taking the limit m — oo in (3.48) yields
hu(T) +/f dp < Piop(T, f) (3.50)

for any p € M(B,T). We shall now show inequality “<” in (3.33). We shall show that for any n > 0 one can
find a v e W(A,T) and A € Z,(%,v) such that Pop(T, f) —n < h, (T, A) +E, f.
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Let v be some probability measure on (X, %) (not necessarily T-invariant) and n, M € N. Then the probability

measure l/("M) = ﬁ Z]V{) ! vol~ k satlsﬁes
Hyony (AM) == L nglV(T*k(A))lninilu(T*k(A))
v Ae A(M) k=0 nM k=0
() 1 nM—1

> Y o 3w A (TR ()

n
Ac AM) k=0

1 nM-—1 M—-1n—1
_ —k (M J—kM 4(M)
—7 H,(T7*A nM SS H (T ARM))
k=0 j=0 k=0
2.1.4(8) n—1j+kM+M—1
O VUV
]:0 = l=j+kM
M—1 j+nM—1 M-1 nM—1
1 . 2.1.4(3) 1 1 (351)
Jj=0 I=j Jj=0 I=j
& 1 M=l nM—1 = j—1
—1 -1
> 7 HV[\/TA—nMZHV\/TA
§=0 1=0 j=0 1=0
H, (A(nM)) <H, (A
by 2.1.4(3)
1 = 1,
> = H,(A"MW) — Z H,(AM)) >  H, (ATM) — ‘A(M)‘
n j—O ———— n
SIII‘A(NI)| <|A‘1W
by 2.1.4(5) -
1

H, (AM)) _ % In |A|

3|

for any finite, measurable partition .A. In step () we used the concavity of z — —x Inx and Jensen’s inequality

nM—1

A.2.7 applied to the integral operator 4 k o (-) and integrable function h(k) := v(T~*(A)). In step (#)

we used the fact that H,(B) > H,(BV D) — H,(D) for any B,D € Z(&,v).

Let n > 0 be given. By theorem 3.1.8 we can find an € > 0 and an infinite subset K C N together with
maximally (di, €)-separated subsets Ni . C X such that

1 sk f(x
Eln %: @) > P (T, f) —n (3.52)
xrec k,e

for all k € K. For every k € K define the probability measure p on (X, %) by

S @) s
ppy = e — 7 (3.53)
ZyeNk 27 f(y)

with §, as Dirac-measure at point z. Consider the time-average probability measures

k—

1 .

=z E pp o T2, (3.54)
=0

As X is compact, the set of probability measures (%) is weak* sequentially compact. We can thus suppose
the sequence (fix)rex to have a weak* limit probability measure v € M(A). From definition (3.54) it is easily
verifiable that the sequences (fix)x and (fix o T—1); have same weak* limits, thus by continuity of 7" the limit
v is T-invariant.

By 3.3.2 we can choose a finite partition A of (X, ) such that diam(A) < € and v(0A) =0 for all A € A. Now
fix n € N and let A .= \/i—y T *A. For each z € Nyclet A, € A be the unique atom containing .
Claim: Each atom A € A" can contain at most one point of N, ..
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Proof: Supposing that  # y € AN N, ., then d,(z,y) > ¢, that is d(T*z, T"y) > ¢ for some
k € {0,..,n — 1}. By choice of A this means that 7%z and T*y cannot lie in the same atom of
A. Now A is of the form A = (2! T~'A; with Ag, .., A,_1 € A, so that T*z, TFy € T*(A) C
TFT=k(Ag) C Ay € A, a contradiction!

Now fix M € N. Let K = {k1,ko,..} with k; < ko < .. and choose for each | € N natural numbers n; € N and
0 <17, < M such that k; =n; - M + r;. Define

| M-
ny M) —j
p M = v Z j o T4 (3.55)
7=0
Claim: p(mM) 2y
weak*
Proof: Notice that u(mM) nf}lw ik, — mlM Zfl:nllM i, © T — v, we
need to show that W Z?‘:_nllM p, 0 T v:;;o* 0. Well, for any g € C(X )
ki—1 1 ki—1 r
d(pg, o T < —— TI| dy, < L 2%
i 2 JodvmeT < g B oo™ d < lall g (3.56)
j=ny M R e e —

which was to be shown.

Since the border of every A € AM) has zero v-measure it follows u(mM)(A) i v(A). Since AM) is finite, we

conclude that H <7”M)(A(M)) o H,(AM)). Applying (3.51) to ,ul(cn’M we find

HV(A(M))+M- f dv =1lim |:H ) ( )+ M - /fd nlM:|
l—o00 M,
(3.51) [ 1 M
> i (mM)y —. /Z"’M d
= limsup | o Hy,, (A7) — o n | Al + mM 7 f dpg,
(%) [1 2M 1
Stimsup | L., (A%) - Zhajag+ L [ dg
lsoo L0 7 n
[1 2M 1
(g)limsup —Hy,, (AkDy - ZZ In|A| + — / shf d,ukl]
l—00 LT ny ny
lim sup > (A) 1 L. ! /Z’”fd
=limsup — [k, n Xp 7 f dur,
lvoon T ) 1, (A) fir, (A) A (3.57)
AﬂNkbE:@
=3 ()
5 1 > LT
ST sup — Z Lk, (A) In yeN}”}’C exp {Z’%f(xA)}
oo L8 exp [2Tlf(mA)]
ANNy, c={wa}#0
. M T 1)
sty 3 (14 20) Y a3 o
——— A AR YENK, &
g} 1
(3.52)
> M (Piop(T. f) — ).
Here x4 denotes the unique point in A N Ny, ¢, if existing. In step (&) we used the fact that
ki—1
Hyy (ATM) > H,, (A%) =1, |\ T79A
j=n M
k-1 ‘ (3.58)
Hy, (A®)—1n | \/ T7A >H,, (A®)—Mn|A.
j=n M

N————
<JAR=mM <] A
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In step (#) we used the fact that

ki—1

1 1 1 ; l
— [ 2Mfa —f/z’“ d <7/ oTI| duy, = 0.
‘nl/ T f ok, n Tf BEy | = n jZXn’:M‘f ’ ok, (359)
<rellflloe
Dividing (3.57) by M yields
1
A + [ f > Py p) - (3.60)

The limit M — oo yields by the Shannon-McMillan-Breiman theorem 2.2.3 the inequality
hu(Ta -/4) + Euf 2 Ptop(T; f) -7 (361)

as needed.

3.3.4 Corollary: Variational principle for ergodic measures

Let (X,d) be a compact metric space and (X,T) a continuous, iterated dynamical system. Let M., (%, T) be
the system of all T-invariant, ergodic Borel-probability measures on X. Then the pressure of any continuous
f €C(X) is given by

Poop(T', f) = sup {h,t(T) FEf € M (B, T)}. (3.62)

Proof: See [2], corollary 2.4.3.

3.4 Equilibrium measures

The Variational Principle proven in 3.3.3 gives a direct connection between topological pressure and the
Kolmogorov-Sinai entropy of an iterated dynamical system on a compact metric space. Strongly related to
this principle are so called equilibrium measures, maximizing certain functionals of invariant probability mea-
sures. We shall outline here only some basic results stemming from considerations of the pressure function.

3.4.1 Definition: Equilibrium measures

Let (X,d) be a compact metric space with Borel-o-algebra % and (X,T) a continuous, iterated dynamical
system. A T-invariant probability measure pu € M(Z,T) is called an equilibrium measure for the potential
f e C(X) if it satisfies

Ptop (Tv f) = h,u(T) + E/Lf' (363)

For the special case f = 0 it is also called maximum entropy measure. Note that such measures need not
always exist®! The study of the functional P,y (T, -) : C(X) — R gives insight into questions of existence and
unicity of equilibrium measures|2].

3.4.2 Proposition: The set of equilibrium measures

Let (X,d) be a compact metric space with Borel-o-algebra % and (X,T) a continuous, iterated dynamical
system. Let Meq(A, T, f) C M(A,T) denote the set of all equilibrium measures for the potential f € C(X).
Then:

1. Meq (A, T, f) is a convex set.
2. If Mo (B, T, ) # 0 then Meq (A, T, f) contains ergodic measures.

3See [2], example 2.5.2.
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Proof:
1. Follows from the fact that u+— h,(T) is an affine mapping on M(#,T) (see 2.2.9).

2. See [2], proposition 2.5.1.

3.4.3 Definition: Tangent functional

Let E be a K-linear space (K € {R,C}) and ® : F — K convex. A linear functional a : E — K is called a
tangent functional to ® at x € E if

®(z+y) — (z) = aly) (3.64)

for all y € FE.

3.4.4 Proposition over tangent functionals
Let E be a K-Banach space and ® : E — K convex, Gateaux-derivable at x € E with Gateaux-derivative d,®.
Then d,® is linear if and only if ® has a tangent functional at z, in which case that functional is exactly d,®.

Proof:

Direction “<": Let a : E — K be a tangent functional to ® at . Then by definition 3.4.3, for arbitrary y € E
one has

a(y) = lim aAy) _ lim ®(z + Ay) — @(x)

= d, Dy, 3.65
A—0+t A T A—0t A ==Y ( )

showing that a < d,®. By K-homogeneity of both sides this implies a = d, .
Direction “=" Let d,® : E — K be linear. Then for every A € [0,1] and y € E one has by convexity
DAz + (1= AN)(z+y)) < A0(x) + (1 = \)(x +y)

(3.66)
®(z+(1-N)y) (1=N2(z+y)—(1-A)2(x)+2(z)
and thus
) 1-ANy) — o
@ A=) = @) g1y~ aa). (3.67)
(1=2X)
Taking the limit A — 17 in (3.67) one finds
that is d,® is indeed a tangent functional to ® at x.
O

3.4.5 Proposition: Equilibrium measures as tangents

Let (X,d) be a compact metric space and (X,T) a continuous, iterated dynamical system. If a T-invariant
Borel-probability measure p € W(A,T) is an equilibrium measure for the potential f € C(X), then the linear
functional C(X,R) — R, g+ E,g is tangent to the pressure function Py, (T, -) at f. Consequently, if Pop (T, -)
is Gateaux derivable at f, there exists by 3.4.4 at most one equilibrium measure for f.

Proof: By definition of equilibrium measures one has h,(T) + E, f = Piop(T, f). Furthermore, for h € C(X)
one has by the Variational Principle h,(T) + E,(f + h) < Piop(T, f + h). Subtracting the inequality from the
previous equality yields E,h < Piop(T, f + h) — Pyop(T, f), which by definition 3.4.3 was to be shown.

O

3.4.6 Definition: Upper semicontinuity
A function f: X — RU{£o00} on a metric space (X, d) is called upper semicontinuous if for any convergent
n—,oo .
sequence x, — = € X one has limsup f(z,) < f(z).
n—oo
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3.4.7 Proposition: Existence of equilibrium measures

Let (X,d) be a compact metric space with Borel-o-algebra % and (X,T) a continuous, iterated dynamical
system. If the function M(A,T) — R, p — h,(T) is upper semicontinuous in the weak* topology, then each
potential f € C(X) has an equilibrium measure.

Proof: By the Variational Principle 3.3.3 there exists a sequence (ti,)neny € M(A,T) of T-invariant Borel
probability measures such that hy,, () + [ f dun T Peop(T, f). As (A, T) is weakly* sequentially compact, we
can suppose the sequence (j,) to have a weak™ limit 4 in M(Z, T), thus by upper semicontinuity of .y (T’)

n—oo

Prop(T, f) = limsup [hun(TH— / f d,u,n:| < h,(T) + / £ dp (3.69)

as claimed. The other inequality direction follows from the Variational Principle 3.3.3.
O

3.5 Expansive dynamical systems

In the following we consider so called expansive, iterated dynamical systems on compact metric spaces and
present expressions for their topological entropy.

3.5.1 Definition: Expansive dynamical system

Let (X,d) be a metric space. We call an iterated dynamical system (X,T) expansive[l], if there exists a
constant ¥ > 0 such that d(T"z, T"y) < ¥ Vn € Ny implies x = y for all z,y € X. We call such a ¥ an
expansivity constant for (X, 7).

Remarks:
(i) If ¥ > 0 is an expansivity constant of (X, T) and 0 < U < ¥, then o is one as well.

(ii) If X is a compact metric space, then by lemma A.2.4 expansivity of iterated dynamical systems on X does
not depend on the metric generating the topology. As a consequence, continuously conjugated, compact,
iterated dynamical systems are either both or none of them expansive.

(iii) If 9 is an expansivity constant of (X,T'), then each finite subset N C X becomes (d,,,¥)-separated for n
large enough. In particular S(d,, ) "Z% 5o provided |X| = co. When considering any z,y € X to be
distinguishable iff d(z,y) > o, then any finite number of orbits are distinguishable after some long enough
time.

3.5.2 Lemma: Uniform expansivity constants
Let (X,d) be a compact metric space and (X,T) an expansive, continuous, iterated dynamical system with
expansivity constant 1. Then there exists an expansivity constant 0 < 9 < such that
sup {diamd By, (z, 5)} =20, (3.70)
reX

whereas the balls By, (z,v) are defined with respect to the n-th Bowen-metric d,, of the system but their

diameter diamg By, (x,1) with respect to the intrinsic metric d. We shall call such a ¥ a uniform expansivity
constant.

Proof: We present the proof given by [1]. Let BS(z;,9Y/4), i € I be a finite open covering of X by open balls
and 0 < ¥ < ¥ a Lebesgue-number (sce A.2.1) for that covering. Suppose (3.70) to be false, then there exists
an £ > 0, numbers (ng)geny € N and points (2)r € X such that ny — oo and diamy B, (mk,g) > 2¢ for all
k € N. We thus find points (yx)r € X such that d,, (xg,yx) < J but d(xg,yr) > e. As X is compact, we can
suppose that xj "% 2 e X and Yk hoge y € X. Note that = # y.
Now d, (zk, yx) < ¥ means in particular that d(T 'z, T'yx) < Jforallle {0,..,nt}. Fix [ € N, then by choice
of ¥ one finds that T'xg, Tlyy € BS(2;,9/4) for some i € I and an infinite number of k € N. By continuity of T
this implies that T'z € By(z;,9/4) and T'y € By(zi,9/4), thus d(T'z, T'y) < 9/2. This holds for every I € N.
But ¢ was an expansivity constant for (X,7T), which is a contradiction!

[
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3.5.3 Definition: Expanding dynamical system

Let (X, d) be a metric space. We call an iterated dynamical system (X, T) expanding[1], if there exist constants
A > 1 and 9 > 0 such that

d(Tz,Ty) > A -d(x,y) (3.71)

for all o,y with d(z,y) <.

Remarks:

(i) Every expanding system is expansive with the above-mentioned constant ¥ as expansivity constant.

(ii) Wether an iterated dynamical system is expanding or not depends on the actual underlying metric!

3.5.4 Lemma: Expansive dynamical systems as expanding ones
Let (X, d) be a compact metric space and (X,7T) an expansive, continuous, iterated dynamical system. Then
there exists on X a metric d equivalent to d, under which the system becomes expanding.

Proof: Can be found in [10] or [1], Satz 46.

3.5.5 Theorem: Topological entropy of expansive systems

Let (X,d) be a compact metric space and (X,T) a continuous, expansive, iterated dynamical system. Let ¢
be a uniform expansivity constant for the system as postulated in 3.5.2. Let NV,, C X be arbitrary, maximally
(dn,V)-separated subsets. Then the system’s topological entropy hiop(1T') is given by the asymptotic growth
rate

1
limsup — In|N,| (3.72)
n—oo N
of the cardinalities |N,,|. In particular
. 1
hiop(T) = limsup —1In S(d,,?). (3.73)
n—oo N

Proof: As X is compact, by remark 3.1.4(ii) one can suppose that

1
hiop(T) = lim limsup - In|M, .| (3.74)

e—=0t pnooco

for some maximally (d,,, ¢)-separated sets M,, . C X. Note that S(d,,e) > |N,| forall0 <e <9 and n € N, so

that hiop (') is certainly greater or equal to (3.72). It thus suffices to show that for any 0 < & < o) one has

1 1
limsup — In|M, | <limsup —In|N,|. (3.75)

n—oo 1 n—soo N
As ¥ satisfies (3.5.2), one can find an m. € N such that d,,(z,y) < ¢ implies d(z,y) < £/4 for all m > m. and
z,y € X. In particular

Ve,y e X, n e N:dy(z,y) > /4 = dpym.(z,y) > 9. (3.76)

Now fix n € N and 0 < e < ). For each = € M,, . there exists an y € N4, such that d,,(x,y) < /4, because
otherwise dy(z,y) > €/4 Yy € Npim,. would by (3.76) imply dpim_(z,y) > 9 Yy € Npim., a contradiction
to the maximality of Ny ym. as (dnim.,?) separating set. We pose f(z) := y. The so defined function
f: My e — Npim, is injective because f(x) = f(7) for two z # T € M, . would imply

€

dp(2,7) < dy(x, f(2) + du(3, F(7)) < = + = =

1t (3.77)

£
2’

23



a contradiction as M, . is (d,, €)-separated. Thus |M,, c| < |N,4m.| and

1 1
limsup — In|M, | < limsup — In|Nyym,
n n

n— oo n— oo

1
= lim sup - In | Nytm, | (3.78)

n—oo N €

1
= limsup — In |N,|
n—oo N

as claimed.

3.5.6 Corollary: Estimation of topological entropy of expansive systems

Let (X, d) be a compact metric space and (X, T) a continuous, expansive, iterated dynamical system. For n € N
let P, C X be the set of fixed points of T". Then

1
hiop(T) > lim sup - In|P,|. (3.79)

n—oQ

Proof: Let ¥ be a uniform expansivity constant for the system. Then by 3.5.5 it suffices to show that
S(dn,9) > |Py,|, or that P, is (d,,?)-separated for that matter. But this is clearly the case, as any pair
x #y € P, with d,(z,y) < ¥ would satisfy d(T*x,T"y) < ¥ for all times k € Ny, a contradiction to the
expansivity of the system.

O

3.5.7 Lemma: Generators for expansive systems

Let (X,d) be a compact metric space with Borel-o-algebra % and (X,T) an expansive, iterated dynamical
system with uniform expansivity constant ¢ > 0. Then each countable, measurable partition A of (X, %) with
diam(A) < 9 for each A € A is a generator for (X, %,T), that is \/, oy, T7"(A) = Z.

Proof: Noting A" := Z;é T7%(A), we need to show that o [\, ey, AM] = 2. As each A™ is countable,
it suffices to show that the countable system B := UneNo A “generates” the topology of the space, in the sense
that each open set is union of elements in B. It suffices to show that for each x € X and € > 0 there exists an
A € B such that z € A C By(x,¢).
Now by definition of uniform expansivity constants there exists an n. € N such that d,_(x,y) < ¢ implies
d(x,y) < ¢ for any z,y € X, or inversely, d(z,y) > e implies d(T*z,T*y) > ¥ for some k € {0,..,n. — 1}.
Choose A € A™<) such that z € A. Then A is of the form A = ﬂZ;_Ol T—%(Ag) with Ay € A. Thus, any y € A
satisfies d(z,y) < €, since otherwise d(T*z, T*y) > ¥ for some k € {0,..,n. — 1}, a contradiction to the fact
that T*z, T"y € A, and diam(Ay) < 9. Therefore z € A C BY(z,¢) as intended.

O

3.5.8 Theorem: Kolmogorov-Sinai entropy of expansive systems

Let (X,d) be a compact metric space with Borel-c-algebra & and (X,T) an expansive, iterated dynamical
system with uniform expansivity constant ¢ > 0. Let p € M(A,T) be a T-invariant probability measure and
A € Z,(4%, 1) a countable, measurable partition with finite entropy, such that diam(A4) < ¥ for each A € A.
Then the Kolmogorov-Sinai entropy h,,(T') of the system (X, %, u,T) is given by the average entropy h,(T,.A)
of the partition.

Proof: By lemma 3.5.7 the partition A is a generator for #. By the Kolmogorov-Sinai theorem 2.2.7 this
implies h,,(T) = h, (T, A).
O

24



3.5.9 Theorem: Existence of equilibrium measures for expansive systems

Let (X,d) be a compact metric space with Borel-o-algebra % and (X,T) a continuous, expansive, iterated
dynamical system. Then Mey(B, T, f) # 0 Vf € C(X), that is, each continuous potential f € C(X) has an
equilibrium measure.

Proof: The following proof was taken from [2]. By proposition 3.4.7 it suffices to show that the mapping
WA, T) - R, p+— h,(T) is upper semicontinuous. Let ¢ > 0 be a uniform expansivity constant for the
system and p € M(AB,T) be given. Then by 3.3.2 there exists a finite, measurable partition A of (X, %) such
that diam(A) < ¢ and u(9A) = 0 for all A € A. Note A™ := Zzol T-%(A), then each A € A(™) satisfies
w(@A) = 0 since I(BNC) C OBNAC and T 1(B) C T~ (IB) for any B,C C X. As A" is finite, this
implies that the function

Mo :M(B.T) SR, Ho(v) = %HD(T, Alm) (3.80)

is weak™® continuous at p for each m € N. Furthermore, the sequence of functions (H,,), is by 2.2.3 pointwise
decreasing with H(v) := inf,, Hnm(v) = hy(T,.A), which by lemma A.2.8 implies that H(v) is upper semicon-
tinuous at p. Finally, note that by construction of A and theorem 3.5.8 one has h, (T) = h, (T, A) = H(v) for
every v € W(A,T), which concludes the proof.

O

3.5.10 Example: Affine flows on the torus

Let T™ be the m-dimensional torus and 7' : T™ — T™ an affine transformation defined by T'(x) := (o +
Az)modZ™ for some € R™ and A € GL(Z™). Let A1, .., A, € C be the eigenvalues of A. Then the iterated
dynamical system (T™,T') satisfies:

1. It is expansive, provided that [A1],..,|An| > 1.

2. It has topological entropy

htop(T) = Z 1n|>‘i|' (3.81)

[Ai|>1
Proof:

1. By 3.5.3(i) it suffices to show that (T™,T) is expanding in some convenient metric. For that, it suffices to show
that for some large enough n € N the matrix A™ is a strictly expansive map on R™, that is || A"z|| > A-||z|| for
every x € R™ and some convenient A > 1. Equivalently, it suffices to show that A™" is a strictly contractive
map on R™, that is |A~"|| < 1, for n large enough. Indeed, as all eigenvalues A\;',..,A\;! € C of A~! are by

absolute value strictly smaller than 1, one has A~ "=3 0 in the operator norm.

2. See [1], Satz 56.

A Appendix

A.1 Classical thermodynamics

A.1.1 The free-energy formalism

For a classical thermodynamical system modeled by a countable phase space X with probability measure p on
(X,2%), one defines its thermodynamical entropy as a functional?

Slu) i= —h Y p(e) np(x) (A1)

zeX

4Supposing the Boltzmann constant kg to be normalized to 1.
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solely of the underlying measure. The free energy F),(T') of the system, a function of the system’s temperature
T, is defined as

F,(T) =E,E —TS,, (A.2)

with E as energy function on X. Now classical thermodynamics teaches us that F),(7) is minimized in ther-
modynamic equilibrium in case of constant temperature T, fixed particle number and fixed volume. This
corresponds to a variational problem in the measure u, which translates into minimizing

1
T ;{E( ;{ z)In p(z (A.3)

under the constraint ) pu(x) = 1. Using the method of Lagrange multipliers this leads to the equilibrium
measure

o—E(2)/hT
plw) = S e Bw/nT (A4)

yeX

known as Boltzmann distribution. Note the formal similarity to the definition of equilibrium measures in it-
erated dynamical systems for a potential —E/(#T), maximizing the expression h,+E, (—E/hT), or equivalently,
minimizing E, (E/hT) —

A.1.2 Maximizing entropy under energy constraints

For a given system with constant particle number and volume, its temperature corresponds to a certain expected
energy E,E. The Boltzman distribution (A.4) can also be derived as the probability measure y on the system

(X,2%) for which S[u] is maximized under the condition of a given expected energy E,FE Sy Using the
method of Lagrange multipliers, this variational problem leads to the sole possibility

o—BE(z)

Z e BE®W)’ (A.5)

yeEX

w(x) =

with the constant 8 such that
—BE(z) —BE(x
E-Zeﬂ():ZE(x)-eﬂ()7 (A.6)
zeX zeX

heavily depending on the energy function E. Comparing (A.5) with (A.4), one interprets 8 as the inverse
temperature 1/AT of the system.

A.2 Auxiliary statements

A.2.1 On the existence of Lebesgue-numbers

Let (X,d) be a compact metric space and (U;);e; an open covering of X. Then there exists an € > 0, called
Lebesgue number for the covering, such that

Vee X :3iel: B(x,e) CU,. (A7)

A.2.2 Definition: Topological equivalence of metrics

Two metrics d, d on some set X are called topologically equivalent if they induce the same open sets.

A.2.3 Definition: Uniform equivalence of metrics

Two metrics d, d on some set X are called uniformly equivalent if the identity mappings Id : (X, d) — (X, J)
and Id : (X, c?) — (X, d) are both uniformly continuous. This is equivalent to demanding that for every € > 0
there exists a d > 0 such that d(z,y) < 6 implies d(z,y) < ¢ and d(z,y) < § implies d(z,y) < ¢ for all z,y € X.
Note that uniformly equivalent metrics are topologically equivalent.
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A.2.4 Lemma: Uniform equivalence of metrics on compact spaces

Let d,g be two topologically equivalent metrics on some set X such that the metric space (X, d) is compact.
Then d and d are uniformly equivalent metrics.

Proof: As d and d are equivalent, the identity Id : (X, d) — (X, d) is continuous in both directions. As (X, d)

and (X, d) are compact, it is uniformly continuous in both directions.
O

A.2.5 Definition: Continuity module

Let (X1,d;) and (X2,d2) be two metric spaces and f : X; — X, some function. Then the mapping wy :
[0,00) = R U {oo} defined by

wr(0) = sup {da(f(z), f(y)) : x,y € X, di(x,y) <3} (A.8)

is called continuity module of f.

Remarks:

(i) If f is bounded then wy is real and bounded.

(ii) If f is uniformly continuous then wy is continuous in 0.

A.2.6 Holder’s inequality

Let (92,&, 1) be a measure space and p, g € [1, 00] such that % + % = 1. Then for any measurable f,g: Q — C
one has

1 =gl < A1, - llgll, - (A.9)

Equivalently, for 0 < «, 8 < 1 satisfying aw + 8 = 1 one has

17 g%, < IF15 - llglls - (A.10)

A.2.7 Jensen’s inequality

Let (92,8, u) be a probability space and ® : [0,00) — R concave. Then for any non-negative function
f € LY,8, 1) one has

[ow)duze [ /1 du} | (A1)

A.2.8 Lemma on upper semicontinuity

Let (X, d) be a metric space and ( f,,)men @ sequence of functions f,, : X — RU{+£oo}, all upper semicontinuous
in some point x € X. Then their pointwise infimum f = inf,,cn f;n is also upper semi-continuous in .

Proof: Suppose the contrary, that is limsup f(z,) > f(x) for some convergent sequence x, —s z € X. Then
m—0o0

we can w.l.o.g. suppose f(z,) > f(z)+¢ Vn € N for some € > 0. Choose mg € N such that f,,,(z) < f(z) + 5,
then inf,, f(2,) > fm,(z) + § for all n € N. In particular fp,(zn) > fm,(z) + §, so that imsup fi,,(z,) >

2
n—oo
fmo (), a contradiction to the upper semicontinuity of f,,, at zo.

O

B Symbols and abbreviations
K: Standing for R or C.
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B(z,r): Closed ball of radius r centered at point € X of some metric space X.

By(z,r): Closed ball of radius r centered at point x € X of some metric space (X, d).

B°(z,r): Open ball of radius r centered at point € X of some metric space X.

BS(z,r): Open ball of radius r centered at point x € X of some metric space (X, d).

diamg A: Diameter of some subset A C X of a metric space (X, d).

Vi=
Viz

1 Akt Refinement of measurable partitions A4, .., A,. See 2.1.1.

L Aj: Limit o-algebra of all o [\/;_; Ax], n € N. See 2.1.1.

Z(&): System of all countable, measurable partitions of the measurable space (X,&). See 2.1.1.

Z1(&, u): System of all countable, measurable partitions with finite entropy. See 2.1.2.

Y0 f: Defined as X7 f = Zz;éfoTk for any function f: A —-C,T: A— Aand n €N.

wf:

Continuity module of function f. See A.2.5.

M(S): Set of all probability measures on the measurable space (X, ).

M(S,T): T-invariant probability measures on the measurable space (X, &), with 7': X — X measurable.

Mo, (&, T): T-invariant, ergodic probability measures on the measurable space (X, &), with T : X — X mea-

surable.

Meq (B, T, f): T-invariant equilibrium measures for the function f € C(X) on the metric space (X,d), with

T : X — T continuous. See 3.4.2.
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