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Problem 01
Starting with

gαβ = ηαβ + hαβ , gαβ = ηαβ − hαβ +O(h2)

whereas
hαβ := ηαµηβνhµν

it follows

Γνκλ =
gνρ

2
(∂κgρλ + ∂λgκρ − ∂ρgκλ) =

ηνρ

2
(∂κhρλ + ∂λhκρ − ∂ρhκλ) +O(h2) (0.1)

From

�xν = gκλ∇κ∇λxν = gκλ (∂κ − Γρκλ) ∇ρxν︸ ︷︷ ︸
∂ρxν=δνρ

= −gκλΓνκλ

(0.1)
= −1

2
ηκληνρ (∂κhρλ + ∂λhκρ − ∂ρhκλ) +O(h2) = −ηκληνρ∂κhλρ +

1
2
ηκληνρ∂ρhκλ +O(h2)

= −∂κ η
κληνρhλρ︸ ︷︷ ︸

=:hκν

+
ηνρ

2
∂ρ η

κλhκλ︸ ︷︷ ︸
=:h

+O(h2)

one can see the equivalence

�xν = 0 ⇔ gκλΓνκλ = 0 ⇔ ∂κh
κν − ηκν

2
∂κh = 0 +O(h2) (0.2)

With the definition
h

κν
:= hκν − ηκν

2
h

it is clear that

�xν = 0 ⇔ ∂κh
κν

= 0 +O(h2) (0.3)

Problem 02
(a) Due to symmetry, the two objects are always located at symmetrical positions ±x(t) about the origin, while

according to Newton

ẍ = − MG

(2x)2
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Substituting v := ẋ one obtains the start-value problem

v′v =
dv

dx

dx

dt
= v̇ = ẍ = −MG

4x2
, v(∞) = 0

which solves as

v(x) = −
√
MG

2x
Finally, the start-value-problem

ẋ(t) = −
√
MG

2x
, x(0) = 0

solves as
x∫

0

√
x dx = −

√
MG

2

t∫
0

dt , t ≤ 0

that is

x(t) =
(

9MG

8
t2
) 1

3

(0.4)

(b) The Newtonian approximation is only reasonable if the resulting equation of motion (EOM) of the objects
reflects the one obtained from a general relativistic point of view, in particular the geodesic equation

ẍ1 = −Γ1
κλẋ

κẋλ
!
≈ −∂xΦ

where Φ = −MG/(2x) is the classical potential for one object in the others field. For low speeds, that is
ẋi � ẋ0, this is equivalent to

∂xΦ
!
≈ Γ1

00︸︷︷︸
∈O(h)

· ẋ0ẋ0︸︷︷︸
≈ 1

|gtt|

≈ Γ1
00

(0.1)
≈ ∂0h01 −

1
2
∂1h00

For slowly changing fields, that is, |∂0h01| � |∂1h00|, one obtains

h00 ≈ −2Φ (0.5)

For small |hµν | � 1 the Newtonian EOM are up to zeroth order in h the same as if obtained from the
Einstein field equations and geodetical EOM. But as the waves created are of order O(h) this is adequate,
as any corrections would be of higher order in h!

(c) The wave-equation

Using (0.1) we obtain the Riemann-curvature tensor to first order in h:

Rαβµν = ∂µΓαβν − ∂νΓαβµ +O(h2)
(0.1)
=

ηαρ

2
[∂µβhρν − ∂νβhµρ − ∂µρhνβ + ∂νρhµβ ] +O(h2) (0.6)

and consequently the Ricci-tensor

Rβν = Rαβαν
(0.6)
=

1
2

[∂αβhαν + ∂ανh
α
β − ∂νβh−�hβν ] +O(h2) (0.7)

The Ricci-scalar

R = ηβνRβν +O(h2)
(0.7)
= ∂αβh

αβ −�h+O(h2) (0.8)
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finally leads to the Einstein-tensor

Gβν = Rβν −
ηβν
2
R+O(h2)

(0.7)
(0.8)
=

∂β
2

(
∂αh

α
ν − ∂ν

h

2

)
+
∂ν
2

(
∂αh

α
β − ∂β

h

2

)

− �
2

(
hβν − ηβν

h

2

)
︸ ︷︷ ︸

hβν

−1
2
ηλρηβν∂λ

(
∂αh

α
ρ − ∂ρ

h

2

)
+O(h2) (0.9)

Choosing harmonic gauge condition �xµ = 0, that is

ηρν
(
∂αh

α
ρ − ∂ρ

h

2

)
(0.2)
= 0 +O(h2)

or equivalently1

∂αh
α
ρ − ∂ρ

h

2
= 0 +O(h2) (0.10)

leads to

Gβν = −�
2
hβν +O(h2) (0.11)

The Einstein-Field-Equations thus imply the wave-equation

�hµν = −16πGTµν +O(h2) (0.12)

we shall be considered only to first order in h.

Solving the wave-equation for a single object

Any solution can be written in the form

hµν(x) =
∫
hµν(k)eix

λkλ dk (0.13)

while the vacuum equations �hµν = 0 imply

0 = hµν(k) ·�eix
λkλ = −hµν(k) · kλkλ

that is

η(κ,κ) = 0 ∀ hµν(k) 6= 0 (0.14)

Moreover, the harmonic gauge we demanded is equivalent to

0 = hµν(k) · ∂µeix
λkλ = ikµh

µν
(k) (0.15)

that is, the spectral perturbation components hµν(k) are perpendicular to the wave-vector k! .

As is known, the (retarded) Greens function of the D’Alembert-Operator � is given by

G(x, y) = G(x− y) = −
δ
(
‖x− y‖ − (x0 − y0)

)
4π ‖x− y‖

(0.16)

and thus

h
ij

(x)
(0.12)

= −16πG
∫
G(x, y) · T ij(y) dy

(0.16)
= 4G

∫
T ij (t− ‖x− y‖ ,y)

‖x− y‖
d3y

1Note that (ηρν) is invertible.
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We shall first consider a source, at each time-point t concentrated in a relatively narrow space-region z(t)
(later T ∼ δ). Assuming that the source (or T for that matter) is moving at a speed much lower than 1,
that is, the support supp f of

f(y) := T (t− ‖x− y‖ ,y)

is small with respect to ‖x‖, concentrated around z(t), implies

h
ij

(t,x) ≈ 4G
‖x− z(t)‖

∫
T ij
(
t− ‖x− z(t)‖︸ ︷︷ ︸

τ=τ(t)

,y
)
d3y

Partial integration leads to

h
ij

(t,x) ≈ 4G
‖x− z(t)‖

·
{∫

∂yk
(
yiT kj(τ,y)

)
d3y︸ ︷︷ ︸

surface integral
=0

−
∫
yi ∂kT

kj︸ ︷︷ ︸
−∂0T 0j

(τ,y) d3y
}

=
4G

‖x− z(t)‖
·
∫
yi∂0T

0j(τ,y) d3y

4G
‖x− z(t)‖

·
{∫

∂yk
(
yjyi∂0T

0k(τ,y)
)
d3y︸ ︷︷ ︸

surface integral
=0

−
∫
yjyi∂0 ∂kT

0k︸ ︷︷ ︸
−∂0T 00

(τ,y) d3y −
∫
yj∂0T

0i(τ,y) d3y︸ ︷︷ ︸R
yi∂0T

0j(τ,y) d3y

since hij=hji

}

=
2G

‖x− z(t)‖
·
∫
yiyj∂00T

00(τ,y) d3y =
2G

‖x− z(t)‖
· ∂00

∫
yiyjT 00

∣∣
(τ,y)

d3y︸ ︷︷ ︸
∼quadrupole moment

Similarly, by only performing one partial integration, we obtain

h
i0

(t,x) ≈ 4G
‖x− z(t)‖

·
∫
yi∂0T

00(τ,y) d3y (0.17)

Specifically, for an object moving slowly along a world-line z(t), that is, T 00(t,y) ≈ Mδ(3)(y − z(t)), one
gets

h
ij

(t,x) ≈ 2GM
‖x− z(t)‖

· ∂00

(
zizj

) ∣∣
τ(t)

(0.18)

and

h
i0

(t,x) ≈ 4GM
‖x− z(t)‖

· ∂0z
i
∣∣
τ

(0.19)

h
00

(t,x) ≈ 4GM
‖x− z(t)‖

(0.20)

In particular for i = j = x:

hxx(t,x) = h
xx

(t,x) ≈ 2GM
‖x− z(t)‖

· ∂00(x2)
∣∣
τ

(0.21)

The perturbation for two colliding objects

As ODE (0.12) is linear, solutions for more than one sources turn out to be the sums of individual solutions.
For the two objects2 calculated in (1) one obtains:

hxx(t, 0, R, 0)
(0.21)
≈ 4GM ·

∂00x
2
∣∣
τ√

R2 + x2(t)
=

4GM
9
√
R2 + x2(t)

·
(

9M
τ(t)

) 2
3

=
4GM

9
√
R2 + x2(t)

·

(
9M

t−
√
R2 + x2(t)

) 2
3

2Assuming low mass, such that ẋ� 1.
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As z2 = z3 = 0 for both objects, obviously h
ij

= 0 for all (i, j) 6= (1, 1). Thus, the perturbation hµν has
trace

h := h
µ
µ = η00h

00
+ η11h

xx ≈ 4GM
‖x− z(t)‖

·
[
∂00(x2)

∣∣
τ
− 2
]

With
hµν = h

µν
+
ηµν

2
h
h=−h= h

µν − ηµν

2
h

it follows

hxx(t,x) = hxx(t,x) ≈ 2GM
‖x− z(t)‖

· ∂00(x2)
∣∣
τ

+
4GM

‖x− z(t)‖

=
2GM√
R2 + x2(t)

·

1
9

(
9M

t−
√
R2 + x2(t)

) 2
3

+ 2

 (0.22)

Problem 03
As was seen in problem (02), the Lorenz gauge ∂µh

µν
leads to the field equations

�h
µν

= −16πGTµν +O(h2) (0.23)

whereas
h
µν

:= hµν − ηµν

2
h

Thus the equations of motion ∇νTµν = 0 imply

0
(0.23)

= ∇ν�h
µν

+O(h2)
�=gαβ∂αβ= ∂νη

αβ∂αβh
µν

+ ∂νh
αβ∂αβ�h

µν
+ Γµνλ�h

λν
+ Γννλ�h

µλ
+O(h2)

= ηαβ∂αβ ∂νh
µν︸ ︷︷ ︸

0

+ ∂νh
αβ∂αβ�h

µν
+ Γµνλ�h

λν
+ Γννλ�h

µλ
+O(h2)︸ ︷︷ ︸

∈O(h2)
as Γ∈O(h)

= 0 +O(h2)

which is true only up to first order in h.
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