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Problem 01
Let Ω be a scalar field on the Manifold M and g̃ := Ω · g a conformal Transformation of the metric. With the
Christoffel-Symbols

Γκ
µν =

gκλ

2
(∂µgλν + ∂νgλµ − ∂λgµν)

the new Christoffel-Symbols are given by

Γ̃κ
µν =

g̃κλ

2
(∂µg̃λν + ∂ν g̃λµ − ∂λg̃µν)

=
gκλ

2Ω
· [(Ω∂µgλν + gλν∂µΩ) + (Ω∂νgλµ + gλµ∂νΩ)− (Ω∂λgµν + gµν∂λΩ)]

= Γκ
µν +

1
2Ω
·
(
δκ
ν ∂µΩ + δκ

µ ∂νΩ− gκλgµν∂λΩ
)
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The new Riemann curvature tensor is thus given by

R̃ρ σµν = ∂µΓ̃ρσν − ∂ν Γ̃ρσµ + Γ̃ρµκΓ̃κ
σν − Γ̃ρνκΓ̃κ

σµ

= Rρσµν +
1

2Ω
·
[
δρν∂µσΩ +����δρσ∂µνΩ− ∂µ

(
gρλgσν∂λΩ

)]
− 1

2Ω
·
[
δρµ∂νσΩ +����δρσ∂νµΩ− ∂ν

(
gρλgσµ∂λΩ

)]

+
1

4Ω2
·
(
δρκ∂µΩ + δρµ∂κΩ− gρλgµκ∂λΩ

)
·
(
δκ
ν ∂σΩ + δκ

σ ∂νΩ− gκλgσν∂λΩ
)

+
Γρµκ

2Ω
·
(
δκ
ν ∂σΩ + δκ

σ ∂νΩ− gκλgσν∂λΩ
)

+
Γκ
σν

2Ω
(
δρκ∂µΩ + δρµ∂κΩ− gρλgµκ∂λΩ

)

− 1
4Ω2

·
(
δρκ∂νΩ + δρν∂κΩ− gρλgνκ∂λΩ

)
·
(
δκ
µ ∂σΩ + δκ

σ ∂µΩ− gκλgσµ∂λΩ
)

− Γρνκ
2Ω
·
(
δκ
µ ∂σΩ + δκ

σ ∂µΩ− gκλgσµ∂λΩ
)
−

Γκ
σµ

2Ω
(
δρκ∂νΩ + δρν∂κΩ− gρλgνκ∂λΩ

)

= Rρσµν +
1

2Ω
[
δρν∂µσΩ− δρµ∂νσΩ + ∂ν

(
gρλgσµ∂λΩ

)
− ∂µ

(
gρλgσν∂λΩ

)]

+
1

4Ω2

[
(∂σΩ)

(
δρµ(∂νΩ)− δρν(∂µΩ)

)
+ gκλ(∂κΩ)(∂λΩ)

(
δρνgµσ − δρµgσν

)
+ gρλ(∂λΩ) (gνσ(∂µΩ)− gµσ(∂νΩ))

]

+
1

2Ω

[
gκλ(∂λΩ)

(
Γρνκgσµ − Γρµκgσν

)
+ gρλ(∂λΩ)

(
Γκ
σµgνκ − Γκ

σνgµκ
)︸ ︷︷ ︸

∂µgνσ−∂νgµσ

+(∂κΩ)
(
Γκ
σνδ

ρ
µ − Γκ

σµδ
ρ
ν

) ]

= Rρσµν +
1

2Ω
[
δρν∂µσΩ− δρµ∂νσΩ + gσµ∂ν

(
gρλ∂λΩ

)
− gσν∂µ

(
gρλ∂λΩ

)]

+
1

4Ω2

[
(∂σΩ)

(
δρµ(∂νΩ)− δρν(∂µΩ)

)
+ gκλ(∂κΩ)(∂λΩ)

(
δρνgµσ − δρµgσν

)
+ gρλ(∂λΩ) (gνσ(∂µΩ)− gµσ(∂νΩ))

]

+
1

2Ω

[
gκλ(∂λΩ)

(
Γρνκgσµ − Γρµκgσν

)
+ (∂κΩ)

(
Γκ
σνδ

ρ
µ − Γκ

σµδ
ρ
ν

) ]
Thus follows the Ricci-Tensor

R̃σν = R̃µ σµν = Rσν +
1

2Ω

[
(2− n)∂σνΩ− ∂µ

(
gµλgσν∂λΩ

)︸ ︷︷ ︸
gµλ(∂λΩ)∂µgσν

+gσν∂µ(gµλ∂λΩ)

]
+

(n− 2)
4Ω2

[
(∂σΩ)(∂νΩ)− gµλgσν(∂λΩ)(∂µΩ)

]

+
1

2Ω

[
gκλ(∂λΩ)

[
Γµνκgσµ + Γµσκgνµ︸ ︷︷ ︸

∂κgσν

−Γµµκgσν
]

+ (n− 2)(∂κΩ)Γκ
σν

]

= Rσν +
1

2Ω

[
(n− 2) [Γκ

σν∂κΩ− ∂σνΩ]− gσν∂µ
(
gµλ∂λΩ

)
− gκλ(∂λΩ)Γµµκgσν

]

+
(n− 2)

4Ω2

[
(∂σΩ)(∂νΩ)− gµλgσν(∂λΩ)(∂µΩ)

]
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and similarly the Ricci-Scalar

R̃ = g̃σνR̃σν =
R

Ω
+

1
2Ω2

[
(n− 2)gνσΓκ

σν∂κΩ− 2(n− 1)gνσ∂σνΩ− ngκλ(∂λΩ)Γµµκ

]
− (n− 1)(n− 2)

4Ω3
· gνσ(∂σΩ)(∂νΩ)

To show that the Weyl-Tensor C is left invariant, it suffices to show that its components are at any point p
left invariant in some arbitrary coordinate system. Choosing Riemann-normal-coordinates (with respect to the
original metric g), that is

gρσ
∣∣
p

= ηρσ , ∂µgρσ
∣∣
p

= 0

and thus
Γµρσ
∣∣
p

= 0 , ∂µ(gρσ)
∣∣
p

= 0

yields

R̃ρ σµν

∣∣
p

= Rρσµν +
1

2Ω
[
δρν∂µσΩ− δρµ∂νσΩ + gσµg

ρλ∂νλΩ− gσνgρλ∂µλΩ
]

+
1

4Ω2

[
(∂σΩ)

(
δρµ(∂νΩ)− δρν(∂µΩ)

)
+ gκλ(∂κΩ)(∂λΩ)

(
δρνgµσ − δρµgσν

)
+ gρλ(∂λΩ) (gνσ(∂µΩ)− gµσ(∂νΩ))

]

+
1

2Ω

[
gκλ(∂λΩ)

(
Γρνκgσµ − Γρµκgσν

)
+ (∂κΩ)

(
Γκ
σνδ

ρ
µ − Γκ

σµδ
ρ
ν

) ]
for the Riemann-tensor,

R̃σν
∣∣
p

= Rσν −
1

2Ω

[
(n− 2)∂σνΩ + gσνg

µλ∂µ (∂λΩ)
]

+
(n− 2)

4Ω2

[
(∂σΩ)(∂νΩ)− gµλgσν(∂λΩ)(∂µΩ)

]
for the Ricci-tensor and

R̃
∣∣
p

=
R

Ω
− (n− 1)

Ω2
gνσ∂σνΩ− (n− 1)(n− 2)

4Ω3
· gνσ(∂σΩ)(∂νΩ)

for the Ricci-scalar. Finally, the Weyl tensor takes the form

C̃ρ σµν

∣∣
p

= g̃ρλC̃λσµν = R̃ρ σµν −
gρλ

(n− 2)

[
gµλR̃σν − gµσR̃λν − gνλR̃σµ + gνσR̃λµ

]
+

gρλΩ
(n− 1)(n− 2)

[gµλgσν − gµσgλν ] · R̃

= Cρσµν +
1

2Ω
[
δρν∂µσΩ− δρµ∂νσΩ + gσµg

ρλ∂νλΩ− gσνgρλ∂µλΩ
]

+
1

4Ω2

[
(∂σΩ)

(
δρµ(∂νΩ)− δρν(∂µΩ)

)
+ gλϕ(∂λΩ)(∂ϕΩ)

(
δρνgµσ − δρµgσν

)
+ gρλ(∂λΩ) (gνσ(∂µΩ)− gµσ(∂νΩ))

]

+
1

2Ω(n− 2)

[
(n− 2)δρµ∂νσΩ + 2δρµgσνg

ϕλ∂ϕλΩ− (n− 2)gµσgρλ∂λνΩ

− 2δρνgµσg
ϕχ∂ϕχΩ− (n− 2)δρν∂σµΩ + (n− 2)gνσgρλ∂λµΩ

]

+
1

4Ω2

[
− δρµ(∂σΩ)(∂νΩ) + gµσg

ρλ(∂λΩ)(∂νΩ) + δρν(∂σΩ)(∂µΩ)− gρλgνσ(∂λΩ)(∂µΩ)

+ 2
(
δρµgσν − δρνgµσ

)
gλϕ(∂λΩ)(∂ϕΩ)

]

+
gϕλ

Ω(n− 2)
(
δρνgµσ − δρµgνσ

)
∂ϕλΩ +

gλϕ

4Ω2
(∂λΩ)(∂ϕΩ)

(
δρνgµσ − δρµgσν

)
= Cρσµν

∣∣
p
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Problem 02
Through

∇µTµν
∣∣
y

= ∂µT
µν
∣∣
y

+ ΓµµλT
λν + ΓνµλT

µλ

=
∫ [

ẋµẋν√
|g(x(τ))|

· ∂yµδ(y − x(τ)) +
δ(y − x(τ))√
|g(x(τ))|

·
(

Γµµλẋ
λẋν + Γνµλẋ

µẋλ
)]

dτ

we see that for arbitrary scalar field F

0 =
∫
M

0︷ ︸︸ ︷
(∇µTµν)

∣∣
y
· F (y)

√
|g(y)| dy

=
∫
M

∫ [
ẋµẋν√
|g(x(τ))|

· ∂yµδ(y − x(τ)) +
δ(y − x(τ))√
|g(x(τ))|

·
(

Γµµλẋ
λẋν + Γνµλẋ

µẋλ
)]

dτ F (y)
√
|g(y)| dy

=
∫

ẋµẋν√
|g(x(τ))|

∫
M

F (y)
√
|g(y)| · ∂yµδ(y − x(τ)) dy

︸ ︷︷ ︸
−
R
M

δ(y−x(τ))∂yµ
“
F (y)
√
|g(y)|

”
dy

due to (0.3)

dτ

+
∫ (

Γµµλẋ
λẋν + Γνµλẋ

µẋλ
)

√
|g(x(τ))|

∫
M

δ(y − x(τ))F (y)
√
|g(y)| dy dτ

=
∫ [
− ẋν√

|g(x(τ))|
· ẋµ∂µ

(
F
√
|g|
)

︸ ︷︷ ︸
d
dτ

“
F (x(τ))

√
|g(x(τ))|

”
(x(τ)) +

(
Γµµλẋ

λẋν + Γνµλẋ
µẋλ

)
√
|g(x(τ))|

F (x(τ))
√
|g(x(τ))|

]
dτ

(0.3)
=
∫
F

[√
|g| d
dτ

(
ẋν√
|g|

)
+
(

Γµµλẋ
λẋν + Γνµλẋ

µẋλ
)]

dτ =
∫
F

[
ẍν + Γνµλẋ

µẋλ + ẋν
√
|g| d
dτ

(
1√
|g|

)
︸ ︷︷ ︸

−ẋλ ∂λ
√

|g|√
|g|

+Γµµλẋ
λẋν

]
dτ

(0.2)
=
∫
F

[
ẍν + Γνµλẋ

µẋλ − ẋν ẋλΓµµλ + ẋν ẋλΓµµλ

]
dτ =

∫
F (x(τ))

[
ẍν + Γνµλẋ

µẋλ
]
dτ

Since F was arbitrary, we conclude

ẍν + Γνµλẋ
µẋλ = 0 (0.1)

Note that use has been made of the fact

Γµµλ =
∂λ
√
|g|√
|g|

(0.2)
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and that for n-dimensional distributions Φ by definition∫
Rn

F (x)∂µΦ(x) dnx def= −
∫

Rn

Φ(x)∂µF (x) dnx (0.3)

Problem 03
Motivation for the transformation

Let r = h(r̃) be a coordinate transformation, such that(
1− 2M

r

)−1

dr2 =
h2

r̃2
dr̃2 (0.4)

Then, keeping in mind that

dr =
∂h

∂r̃
dr̃

yields the differential equation (
1− 2M

h

)−1(
dh

dr̃

)2

=
h2

r̃2

with solution

h(r̃) =
C2r̃2 + 2MCr̃ +M2

2r̃C
, C ∈ R \ {0}

Setting C = 2 results in

r = h(r̃) =
[

2r̃ +M

2r̃

]
︸ ︷︷ ︸

ψ(er)

2

· r̃ =: ψ2(r̃)r̃
(0.5)

Obviously in coordinates (t, r̃, ϑ, ϕ) the spatial part of the Schwarzschild-metric takes the form

ds2 =
(

1− 2M
r

)−1

dr2 + r2 dΩ2 (0.4)
= ψ4(r̃) ·

(
dr̃2 + r̃2 dΩ2

)
Domain and injectivity of transformation

As r > 0, also r̃ > 0 must hold. The function h has in (0,∞) its global minimum at r̃min = M/2, where it takes
the value 2M . On the other hand h(r̃) er→∞−→ ∞, so that r takes on (all) values in [2M,∞). Solving (0.5) for r̃
leads to

r̃ =
r −M

2
± r

2

√
1− 2M

r

Demanding that r̃ ≥M/2, that is, restricting the domain of r̃ to [M/2,∞) and thus getting

r̃(r) = h−1(r) =
r −M

2
+
r

2

√
1− 2M

r
(0.6)

secures that h : [M/2,∞)→ [2M,∞) is bijective, thus a valid transformation. Due to

lim
r→∞

r̃(r)
r

= 1

it shows the asymptotic behavior
r̃(r) ∼ r as r →∞
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Area of a sphere

Let S := {r̃ = r̃0 : const} be the sub-manifold of constant coordinate r̃, then the restriction of g on the tangent-
space TS takes the form

g
∣∣
TS

= ψ4r̃2
0 dΩ2

with √
|det g| = ψ4r̃2

0 sinϑ

in standard coordinates (ϑ, ϕ). Thus integrating the volume-form of S over S results in the area

A :=
∫
S

√
|det g| dϑ dϕ =

∫
S

ψ4r̃2
0 sinϑ dϑ dϕ = 4πψ4(r̃0)r̃2

0 = π
(2r̃0 +M)4

4r̃2
0

= 4πr2
0

As mentioned above, r (and thus A) is minimal for r̃ = M/2, corresponding to a minimal area of Amin = 16πM2.

6


