General Theory of Relativity

FSU Jena - WS 2009/2010
Problem set 09 - Solutions

Stilianos Louca

February 10, 2010

Problem 01

Let €2 be a scalar field on the Manifold M and g := Q - g a conformal Transformation of the metric. With the
Christoffel-Symbols
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The new Riemann curvature tensor is thus given by
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Thus follows the Ricci-Tensor
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and similarly the Ricci-Scalar
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To show that the Weyl-Tensor C is left invariant, it suffices to show that its components are at any point p

left invariant in some arbitrary coordinate system. Choosing Riemann-normal-coordinates (with respect to the
original metric g), that is
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for the Riemann-tensor,
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for the Ricci-scalar. Finally, the Weyl tensor takes the form
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Problem 02
Through
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we see that for arbitrary scalar field F
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Since F' was arbitrary, we conclude

Note that use has been made of the fact
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and that for n-dimensional distributions ® by definition
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Problem 03
Motivation for the transformation

Let r = h(¥) be a coordinate transformation, such that
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yields the differential equation
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Setting C' = 2 results in
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Obviously in coordinates (¢, 7,9, ¢) the spatial part of the Schwarzschild-metric takes the form
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Domain and injectivity of transformation

As r >0, also 7 > 0 must hold. The function h has in (0, c0) its global minimum at 7;, = M /2, where it takes

the value 2M. On the other hand h(7) == oo, so that r takes on (all) values in [2M, 00). Solving (0.5) for 7
leads to
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Demanding that 7 > M/2, that is, restricting the domain of 7 to [M/2, c0) and thus getting
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secures that h : [M/2,00) — [2M, 00) is bijective, thus a valid transformation. Due to
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Area of a sphere

Let S := {r =7 : const} be the sub-manifold of constant coordinate 7, then the restriction of g on the tangent-
space T'S takes the form
s = 0778 a0
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in standard coordinates (¢, ¢). Thus integrating the volume-form of S over S results in the area

with
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As mentioned above, r (and thus A) is minimal for 7 = M /2, corresponding to a minimal area of A, = 167 M?2.



