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Problem 01
Prove the relation

2∇[µ∇κ]Vα = RσακνVσ

Problem 02
One of the few explicit black-hole solutions to Einstein’s equations, the Schwarzschild metric, is spherically
symmetric. As a tool to construct the Schwarzschild metric, consider a general spherically symmetric metric,

ds2 = −e2α(r)dt2 + e2β(r)dr2 + r2dΩ2

The non-zero Christoffel symbols for this metric are

Γttr = ∂rα Γrtt = e2(α−β)∂rα Γrrr = ∂rβ

Γϑrϑ =
1
r

Γrϑϑ = −re−2β Γφrφ =
1
r

Γrφφ = −re−2β sin2 ϑ Γϑφφ = − sinϑ cosϑ Γφϑφ =
cosϑ
sinϑ

The non-zero components of the Riemann tensor are

Rtrtr = ∂rα ∂rβ − ∂2
rα− (∂rα)2

Rtϑtϑ = −re−2β∂rα

Rtφtφ = −re−2β sin2 ϑ ∂rα

Rrϑrϑ = re−2β∂rβ

Rrφrφ = re−2β sin2 ϑ ∂rβ

Rϑφϑφ =
(
1− e−2β

)
sin2 ϑ

The non-zero components of the Ricci tensor are

Rtt = e2(α−β)

[
∂2
rα+ (∂rα)2 − ∂rα ∂rβ +

2
r
∂rα

]
Rrr = −∂2

rα− (∂rα)2 + ∂rα ∂rβ +
2
r
∂rβ

Rϑϑ = e−2β [r(∂rβ − ∂rα)− 1] + 1

Rφφ = Rϑϑ sin2 ϑ

As an illustration of the calculations involved, verify four of the non-zero Christoffel symbols, three of the
non-zero components of the Riemann tensor, and three of the non-zero components of the Ricci tensor. Note
that some are easier than others; you can reduce your work by choosing carefully!
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