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Problem 01
Variant 01

2∇[ν∇κ]Vα
def= ∇ν∇κVα −∇κ∇νVα

= ∂ν∇κVα −�����Γλνκ∇λVα − Γλνα∇κVλ − ∂κ∇νVα +�����Γλκν∇λVα + Γλκα∇νVλ

= ∂ν [∂κVα − ΓρκαVρ]− Γλνα [∂κVλ − ΓρκλVρ]− ∂κ [∂νVα − ΓρναVρ] + Γλκα [∂νVλ − ΓρνλVρ]

= −Vρ∂νΓρκα −�����Γρκα∂νVρ −�����Γλνα∂κVλ + ΓλναΓρκλVρ + Vρ∂κΓρνα +�����Γρνα∂κVρ +�����Γλκα∂νVλ − ΓλκαΓρνλVρ

=
[
∂κΓρνα − ∂νΓρκα + ΓλναΓρκλ − ΓλκαΓρνλ

]︸ ︷︷ ︸
Rρακν

·Vρ = RρακνVρ

Variant 02 Beginning with the definition

RρσνκV
σ := 2∇[ν∇κ]V

ρ

we write

2∇[ν∇κ]Vα = gαρ2∇[ν∇κ]V
ρ = gαρR

ρ
σνκ = RασνκV

σ = −RσανκV
σ = −RσανκVσ = RσακνVσ

Problem 02
Using Problem 02 from Set 06 for the diagonal Schwarzschild metric

(gµν) =


−e2α(r) 0 0 0

0 e2β(r) 0 0
0 0 r2 0
0 0 0 r2 sin2 ϑ

 (0.1)

1



we calculate

Γrrr =
1
2
∂rgrr
grr

=
1
2
· 2e2β∂rβ

e2β
= ∂rβ

Γttr =
1
2
∂rgtt
gtt

=
1
2
· e

2α(2∂rα)
e2α

= ∂rα

Γϑrϑ =
1
2
∂rgϑϑ
gϑϑ

=
1
2
· 2r
r2

=
1
r

Γϕrϕ =
1
2
∂rgϕϕ
gϕϕ

=
1
2
· 2r sin2 ϑ

r2 sin2 ϑ
=

1
r

Using
Rρακν := ∂κΓρνα − ∂νΓρκα + ΓλναΓρκλ − ΓλκαΓρνλ

we calculate

Rtϑtϑ = ∂t Γtϑϑ︸︷︷︸
0

−∂ϑ Γttϑ︸︷︷︸
0

+Γtϑϑ Γttt︸︷︷︸
0

+ ΓrϑϑΓttr︸ ︷︷ ︸
−re−2β∂rα

+ Γϑϑϑ︸︷︷︸
0

Γttϑ + Γϕϑϑ Γttϕ︸︷︷︸
0

− Γttϑ︸︷︷︸
0

Γtϑt − Γrtϑ Γtϑr︸︷︷︸
0

−Γϑtϑ Γtϑϑ︸︷︷︸
0

−Γϕtϑ Γtϑϕ︸︷︷︸
0

= −re−2β∂rα

Rrϑrϑ = ∂r Γrϑϑ︸︷︷︸
−re−2β

−∂ϑ Γrrϑ︸︷︷︸
0

+Γtϑϑ Γrrt︸︷︷︸
0

+ ΓrϑϑΓrrr︸ ︷︷ ︸
−re−2β∂rβ

+ Γϑϑϑ︸︷︷︸
0

Γrrϑ + Γϕϑϑ Γrrϕ︸︷︷︸
0

− Γtrϑ︸︷︷︸
0

Γrϑt − Γrrϑ Γrϑr︸︷︷︸
0

− ΓϑrϑΓrϑϑ︸ ︷︷ ︸
1
r ·(−r)e−2β

−Γϕrϑ Γrϑϕ︸︷︷︸
0

= −e−2β + 2re−2β∂rβ − re−2β∂rβ + e−2β = re−2β∂rβ

Rtϕtϕ = ∂t Γtϕϕ︸︷︷︸
0

−∂ϕ Γttϕ︸︷︷︸
0

+ Γtϕϕ︸︷︷︸
0

Γttt + ΓrϕϕΓttr︸ ︷︷ ︸
−r(∂rα)e−2β sin2 ϑ

+Γϑϕϕ Γttϑ︸︷︷︸
0

+ Γϕϕϕ︸︷︷︸
0

Γttϕ − Γttϕ︸︷︷︸
0

Γtϕt − Γrtϕ︸︷︷︸
0

Γtϕr − Γϑtϕ︸︷︷︸
0

Γtϕϑ − Γϕtϕ Γtϕϕ︸︷︷︸
0

= −re−2β sin2 ϑ ∂rα

Finally, using
Rµν := Rρµρν
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we calculate

Rrr = Rtrtr +Rrrrr︸ ︷︷ ︸
0

+ Rϑrϑr︸ ︷︷ ︸
Rrϑrϑ· g

ϑϑ

grr

+ Rϕrϕr︸ ︷︷ ︸
Rrϕrϕ· g

ϕϕ

grr

= ∂rα∂rβ − ∂2
rα− (∂rα)2 + re−2β∂rβ ·

e2β

r2
+ re−2β sin2 ϑ ∂rβ ·

e2β

r2 sin2 ϑ

= ∂rα∂rβ − ∂2
rα− (∂rα)2 +

2
r
∂rβ

Rϑϑ = Rtϑtϑ +Rrϑrϑ +Rϑϑϑϑ︸ ︷︷ ︸
0

+ Rϕϑϕϑ︸ ︷︷ ︸
Rϑϕϑϕ· g

ϕϕ

gϑϑ

= −re−2β∂rα+ re−2β∂rβ +
(
1− e−2β

)
sin2 ϑ · r2

r2 sin2 ϑ

= e−2β [r(∂rβ − ∂rα)− 1] + 1

Rϕϕ = Rtϕtϕ +Rrϕrϕ +Rϑϕϑϕ +Rϕϕϕϕ

= −re−2β sin2 ϑ ∂rα+ re−2β sin2 ϑ ∂rβ +
(
1− e−2β

)
sin2 ϑ

=
{
e−2β · [r(∂rβ − ∂rα)− 1] + 1

}
· sin2 ϑ = Rϑϑ · sin2 ϑ

Note that use has been made of

Rµνµν︸ ︷︷ ︸
no

summation

= gµλRλνµν︸ ︷︷ ︸
summation

over λ

g
diagonal

= gµµRµνµν︸ ︷︷ ︸
no

summation

= gννRνµνµ ·
gµµ

gνν︸ ︷︷ ︸
no

summation

g
diagonal

= gνλRλµνµ ·
gµµ

gνν︸ ︷︷ ︸
summation

over λ

= Rνµνµ ·
gµµ

gνν︸ ︷︷ ︸
no

summation
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