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Problem 01 (Carroll, Problem 3.5)
Preconsiderations

Let M be the considered manifold with coordinate vector-basis {∂µ}. A curve x(t) : I ⊆ R→M is geodesic if

∇ẋẋ = 0

where
ẋ :=

dxµ

dt
∂µ = ẋµ∂µ

is the tangent vector generated by the curve. Because of

∇ẋẋ = ẋµ∇∂µ(ẋν∂ν) = ẋµ(∂µẋν)︸ ︷︷ ︸
ẍν

∂ν + ẋµẋλ∇∂µ∂λ = ẍν∂ν + ẋµẋλΓνµλ∂ν

this is equivalent to

ẍκ + Γκ
µν ẋ

µẋν = 0 (0.1)

A point-set P ⊆ M is said to be geodesic, if it allows a smooth, geodesic parametrization x(t). It turns out,
that if P is indeed geodesic, any parametrization x(t) with g(ẋ, ẋ) = const 6= 0 is geodesic.

The parallel transport of a vector V ∈ TpM along a curve x : I ⊆ R → M is defined as the family of
tangential vectors (V (t))t∈I , V (t) ∈ Tx(t)M for which

∇ẋ(t)V (t) = 0

that is
0 = ẋµ∇∂µV ν∂ν = ẋµ(∂µV ν)︸ ︷︷ ︸

V̇ ν

∂ν + ẋµV λ∇∂µ∂λ = V̇ ν∂ν + Γνµλẋ
µV λ∂ν

or

V̇ κ + Γκ
µν ẋ

µV ν = 0 (0.2)

The Christoffel-Symbols are for this special metric given by

Γϕϑϑ = 0 Γϑϕϕ = − sinϑ cosϑ

Γϑϑϕ = Γϑϕϑ = 0 Γϕϕϑ = Γϕϑϕ = cotϑ

Γϑϑϑ = 0 Γϕϕϕ = 0

(compare to problem set 06, Problem 02).
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(a) Consider the curve x(t) : I ⊆ R→ S2 of constant ϕ, that is

x(t) := (ϑ(t), ϕ(t)) := (ϑ0 + vϑ · t, ϕ0) , ϑ0, vϑ, ϕ0 : const

Then through

ϑ̈+ Γϑµν ẋ
µẋν = ϑ̈︸︷︷︸

0

+Γϑϕϕϕ̇ ϕ̇︸︷︷︸
0

= 0

ϕ̈+ Γϕµν ẋ
µẋν = ϕ̈︸︷︷︸

0

+2Γϕϑϕϑ̇ ϕ̇︸︷︷︸
0

= 0

one sees that x(t) is indeed geodesic.

Let w.l.o.g. ϑ0 /∈ {0, π}. For the curve

x(t) := (ϑ(t), ϕ(t)) := (ϑ0, ϕ0 + vϕ · t) , ϑ0, ϕ0, vϕ : const, vϕ 6= 0

g(ẋ, ẋ) = gϕϕv
2
ϕ = sin2 ϑ0 · v2

ϕ : const 6= 0

it holds

ϑ̈+ Γϑµν ẋ
µẋν = ϑ̈︸︷︷︸

0

+Γϑϕϕϕ̇ϕ̇ = − sinϑ cosϑ · v2
ϕ

ϕ̈+ Γϕµν ẋ
µẋν = ϕ̈︸︷︷︸

0

+2Γϕϑϕ ϑ̇︸︷︷︸
0

ϕ̇ = 0

from which follows that, x(t) is geodesic if and only if sinϑ cosϑ = 0, that is cosϑ = 0 and thus ϑ = π/2.

(b) Consider the curve (circle) of constant latitude

x(t) := (ϑ(t), ϕ(t)) := (ϑ0, t) , t ∈ [0, 2π]

and the vector V = (1, 0) at (ϑ0, ϕ = 0). Then, differential equation (0.2) takes the form

0 = V̇ ϑ + Γϑµν ẋ
µV ν = V̇ ϑ + Γϑϕϕ ϕ̇︸︷︷︸

1

V ϕ = V̇ ϑ − V ϕ sinϑ0 cosϑ0

0 = V̇ ϕ + Γϕµν ẋ
µV ν = V̇ ϕ + Γϕϕϑ ϕ̇︸︷︷︸

1

V ϑ + Γϕϑϕ ϑ̇︸︷︷︸
0

V ϕ = V̇ ϕ + V ϑ cotϑ0

Differentiating the first equation we obtain the initial-value-problem (IVP)

V̈ ϑ = −V ϑ cos2 ϑ0

whereas
V ϑ(0) = 1 , V̇ ϑ(0) = V ϕ(0) sinϑ0 cosϑ0 = 0

and thus

V ϑ(t) = cos [t · cosϑ0] (0.3)

Using (0.3) we obtain the IVP

V̇ ϕ = −V ϑ cotϑ0 = − cos [t · cosϑ0] · cotϑ0 , V ϕ(0) = 0

with solution

V ϕ(t) = − sin [t · cosϑ0]
sinϑ0

(0.4)
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Thus the transport of V = (1, 0) along x(t) is given by

V (t) = (V ϑ(t), V ϕ(t)) =
[
cos [t · cosϑ0] , − sin [t · cosϑ0]

sinϑ0

]
(0.5)

The transport along one circle (t = 2π) results in the vector

Vcircle = (V ϑcircle, V
ϕ
circle) =

[
cos [2π cosϑ0] , − sin [2π cosϑ0]

sinϑ0

]
(0.6)

Problem 02 (Carroll, Problem 3.6)
(a) We shall parametrize the space-time-paths of the two clocks by their respective proper-times τ1, τ2

xi(t) := (ti, ri, ϑi, ϕi)(τi) := (ti(τi), Ri, ϑi, ϕi) , ϑi, ϕi, Ri : const, i = 1, 2

(w.l.o.g. ṫi ≥ 0) so that
1 = |g (ẋi, ẋi)| =

∣∣gttṫi∣∣ = |(1 + 2Φ(Ri))| · ṫi
and thus

dτi
dt

=
dτi
dti

=
(
ṫi
)−1 = |1 + 2Φ(Ri)|

|Φ|<1/2
= 1− 2GM

Ri

Hence, the time elapsed τ on each clock as a function of the coordinate time t is given by

τi(t) =
(

1− 2GM
Ri

)
· t (0.7)

In particular, clock 2 (further away from earth’s center) runs faster.

(b) Let

x(τ) := (t(τ), r(τ), ϑ(τ), ϕ(τ)) := (t(τ), r0, ϑ0, ϕ(τ)) , r0, ϑ0 :=
π

2
: const (0.8)

be the sought geodetic, whereas w.l.o.g. g(ẋ, ẋ) = −1 (parametrized by proper-time). Then x(τ) solves the
Euler-Lagrange equations

d

dτ

∂L

∂ẋµ
− ∂L

∂xµ
= 0

for the Lagrangian
L(x, ẋ) := g(ẋ, ẋ) = gttṫ

2 + grr ṙ
2 + gϑϑϑ̇

2 + gϕϕϕ̇
2

Specifically,

0 =
d

dτ

∂L

∂ṙ
− ∂L

∂r
=

d

dτ
(2ṙgrr)︸ ︷︷ ︸

2r̈grr+2ṙ∂τgrr=0

−ṫ2∂rgtt − ṙ2︸︷︷︸
0

∂rgrr − ϑ̇2︸︷︷︸
0

∂rgϑϑ − ϕ̇2∂rgϕϕ

= ṫ2 · 2GM
r2
0

− ϕ̇2 · 2r0 sin2 ϑ0︸ ︷︷ ︸
1

is equivalent to (
dϕ

dt

)2

=
ϕ̇2

ṫ2
=
GM

r3
0

(w.l.o.g. dϕ
dt ≥ 0) or equivalently

dϕ

dt
=

√
GM

r3
0

(0.9)
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Moreover,

0 =
d

dτ

∂L

∂ṫ
− ∂L

∂t
=

d

dτ
(2ṫgtt) = 2ẗ gtt︸︷︷︸

const

is equivalent to ẗ = 0, that is,

t(τ) = t0 + vt · τ , t0, vt : const (0.10)

Similarly,

0 =
d

dτ

∂L

∂ϕ̇
− ∂L

∂ϕ
=

d

dτ
(2ϕ̇gϕϕ) = 2ϕ̈gϕϕ

is equivalent to ϕ̈ = 0, that is,

ϕ(τ) = ϕ0 + vϕ · τ , t0 : const, vϕ
(0.9)
= vt ·

√
GM

r3
0

(0.11)

Finally, assumption g(ẋ, ẋ) = −1, that is

−1 = gttṫ
2 + gϕϕϕ̇

2 =
(

2GM
r0
− 1
)
· v2
t + r2

0 sin2 ϑ0︸ ︷︷ ︸
1

·v2
ϕ

leads to

vt =

√
1

1− 3GM
r0

(0.12)

Concluding, the geodesic at radius r0 is given by

(t(τ), r(τ), ϑ(τ), ϕ(τ)) =

[
t0 +

√
1

1− 3GM
r0

· τ, r0,
π

2
, ϕ0 +

1
r0

√
GM

r0 − 3GM
· τ

]
(0.13)

Note: Because of

0 =
d

dτ

∂L

∂ϑ̇
− ∂L

∂ϑ
=

d

dτ
(2ϑ̇gϑϑ)− ϕ̇2∂ϑgϕϕ = 2 ϑ̈︸︷︷︸

0

gϑϑ + 2 ϑ̇︸︷︷︸
0

dgϑϑ
dτ
− ϕ̇2 · 2r2

0 sinϑ0 cosϑ0︸ ︷︷ ︸
0

= 0

curve (0.13) is indeed geodesic.

Problem 03
Help-statement

A vector-field K is Killing if and only if it satisfies

g(∇XK,Y) + g(∇YK,X) = 0 (0.14)

for any vector fields X = Xµ∂µ,Y = Y µ∂µ.

Proof: Condition ∇(νKµ) = 0, that is,

0 = (∇∂νg(K, ·))µ︸ ︷︷ ︸
∇∂ν (g(K,∂µ))
−g(K,∇∂ν ∂µ)

+
(
∇∂µg(K, ·)

)
ν︸ ︷︷ ︸

∇∂µ (g(K,∂ν))

−g(K,∇∂µ∂ν)

=
[
g(K,∇∂ν∂µ) + g(∇∂νK, ∂µ)

]
− g(K,∇∂ν∂µ) +

[
g(∇∂µK, ∂ν) + g(K,∇∂µ∂ν)

]
− g(K,∇∂µ∂ν)

= g(∇∂νK, ∂µ) + g(∇∂µK, ∂ν)
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is equivalent to

0 = g (∇∂νK, ∂µ)XνY µ + g
(
∇∂µK, ∂ν

)
XνY µ

= g (∇XK,Y) + g (∇YK,X) ∀ vectorfields X,Y

Note that use has been made of the metric-compatibility of the Levi-Civita-connection

∇X(g(Y,Z)) = g (∇XY,Z) + g (Y,∇XZ) ∀ X,Y,Z

Proof of main statement

To be shown is pg(K,p) = 0. But indeed, it follows from metric-compatibility of the Levi-Civita-connection

∇X(g(Y,Z)) = g (∇XY,Z) + g (Y,∇XZ) ∀ X,Y,Z

that

pg(K,p)︸ ︷︷ ︸
∇pg(K,p)

= g (∇pK,p)︸ ︷︷ ︸
0

+g
(
K,∇pp︸︷︷︸

0

)
= 0

Note that use has been made of the help-statement to show

0
(0.14)

= g(∇pK,p) + g(∇pK,p) = 2g(∇pK,p)

Problem 04
Preconsiderations

As the equation to be shown
∇α∇βKµ = RµβανK

ν

is a tensorial one, it suffices to show it’s validity in any arbitrary coordinates. As is known, on any given point
p ∈M , there exists a local chart such that

(gµν)
∣∣
p

= diag(ε1, .., εn), εi ∈ {±1}

and ∂αgµν |p= 0 (Riemann-normal coordinates).

As K is Killing, that is

0 = ∂µKν + ∂νKµ − 2ΓλνµKλ = ∂µ(Kκgκν) + ∂ν(Kκgκµ)− 2ΓλνµgλκK
κ

= Kκ [∂µgκν + ∂νgκµ]︸ ︷︷ ︸
2Γλµνgλκ+∂κgµν

+gκν∂µK
κ + gκµ∂νK

κ − 2ΓλνµgλκK
κ

= Kκ∂κgµν + gκν∂µK
κ + gκµ∂νK

κ

it also fulfills

0 = ∂σ (Kκ∂κgµν + gκν∂µK
κ + gκµ∂νK

κ)
normal

coordinates= Kκ∂σκgµν + gκν∂σµK
κ + gκµ∂σνK

κ (0.15)
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With

∇α∇βKµ = ∂α(∇βKµ) + Γµαλ∇βK
λ − Γλαβ∇λKµ

= ∂α
(
∂βK

µ + ΓµβκK
κ)+ Γµαλ

(
∂βK

λ + ΓλβκK
κ)− Γλαβ (∂λKµ + ΓµλκK

κ)

= ∂αβK
µ + (∂αΓµβκ)Kκ + Γµβκ∂αK

κ + Γµακ∂βK
κ + ΓµαλΓλβκK

κ − Γλαβ∂λK
µ − ΓλαβΓµλκK

κ

normal
coordinates= ∂αβK

µ + (∂αΓµβκ)Kκ

and

RµβακK
κ

normal
coordinates= (∂αΓµβκ)Kκ − (∂κΓµβα)Kκ

it suffices to show

∂αβK
µ = −(∂κΓµβα)Kκ (0.16)

Final proof

Indeed,

−(∂κΓµβα)Kκ
normal

coordinates= −g
µλ

2
(∂κβgαλ + ∂καgβλ − ∂κλgβα)Kκ

(0.15)
= −g

µλ

2
(−gκλ∂βαK

κ − gκα∂βλK
κ − gκλ∂αβK

κ − gκβ∂αλK
κ + gκα∂λβK

κ + gκβ∂λαK
κ)

= gµλgκλ∂αβK
κ = ∂αβK

µ
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