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Problem 01 (Carroll, Problem 1.11)
Show that:

8HF,,A + ayF)\M + 8,\FW =0 Vu,uv A

(0.1)
ist equivalent to J, F,» = 0.
Indeed, this follows directly from
a[uFV)\] d:ef a;LFl/A - 6/L F/\u +8VF>\/L - 8u F,u)\ +3AELV - 8)\ Fuu, = 2(8/LFV>\ + auFA/L + 8)\ELV)
~~ N ——
RPN —F)\H _F}LU
Show that: Statement (0.1) is equivalent to
EijkajEk + 80373 =0 (0.2)
and
;B =0 (0.3)
Beginning with the Definition
0 —-FE —-Ey —Ej
| Ex 0 Bs —Bs
(Fov) = E; —Bsg 0 By
Es By, —B; 0
Direction "=": Setting p = 1,v = 2, A = 3 leads to
0= 01F53 + OxF31 + O3F12 = 8131 + 82B2 + 8333 (04)
Moreover, with B = 1 F;,c"% we can write
ijk i ijk L ik (0.1) 45k 1 1
€ 8j E,. +0yB' =¢ 8ij0 + 56 60ij ="¢€ aijo — iaijo — §8k Fy;
Fro —Fjo
antisymmetric
in j,k
A
cijk
= B -[6ijo+6ij0] =0 V1,23
—_—
symmetric
in j,k



Direction "<": Statement (0.1) is obviously invariant under any permutation® of \, i, v. Moreover, it is trivial
if two or more indices are equal (e.g. A = v), since

0, Fun +0,F\,+O\F,, =0,F,,+0, F,, =0
M A Ap A |z M

Fp,=0 —Fpu
Thus, statement (0.1) is practically dependent only on the set I := {u,v, A} C {0,..,3} chosen.

Case I = {1,2,3}:
O Fos + 0oF31 4+ 05F12 = 01 B' + 0,B* + 9:B* =0

Case I ={0,v,\}, 1 <v,A<3, v# A Letie{l1,2,3}\ {v, A\}. Then by statement (0.2):

0= éi_k, 0jFro + 3 E\Uf/ o Fji = "8, Fyo + E\li_u/ 5>\51£/+§€w’\80ﬂ,,\ + 3 5\’1”/ A 5)\:’
0 falls 0 falls _givX —Fo, _givA —Fy
{5k} #{v,. A} {3, k}Y#{v. A}
= Ei’»‘ [3,,F>\0 + O\ Fo, + 80F,,)\}
c{+1}
and thus
80F,,,\ + 81/F)\0 + aAIFOV =0
O
Problem 02

Maxwell’s electromagnetism

Beginning with

0 -E —E, —Ej 0 B E, Ej
- |E. 0o By -B S wn | -E1 0 By —Bs
F=Fw)=1pg B o0 B | F=E)=|_g B o 5
Es By —-B;y 0 -F3 By -B; 0

ISince naturally invariant under cyclical permutations, and transposition of two indices as well, as for example in swapping
P

8# Fux +BVF>\[,L + 8)\F,uu = *(a,uF)\u + 8)\Fuu + BVF;_L)\)
N N——

—Fxu —O\Fuu—0,F,x



we write

7 TN v 1 wv o _ for A\t o f
T = F F'y ——"FY F\e =—(F' -n-F + trace | F' - F
-~ 4 ~~ 4

~~
—FAn FV”U%A —F 2(E27B2)
E? E2Bs — E3By  EsB, — E1Bs  EyBy — EyB,
2 2 2 -1 0 0 O
E;Bs — EsBy, B5+ B —Ef —E\E;— BBy —E1E3— B1B3 1, , 0 1.0 0
- + 5 (E° - B7)
0 0 1 0
EsB), — E\B; —E\Es— BBy B+ B} E —EyE;—ByBy| 2 0 00 1
E\By — E;By —E\E3— BBy —E3E3 — ByBs  Bi + B — E3
(E2+B?)/2 EsBs — E3By E3By — E1 B3 E1By — E;B;
E3Bs — F3B, (E2 4+ B?)/2 — (E2 + B?) —E\Ey — BBy —E,Es; — B, B3
E3B) — E1Bs —E\Es — BB, (E2 + B2)/2 — (E2 + B2) —EyE3 — ByBs
E1By; — E2B —FE3 — B1Bs —FyFE3 — BaBs (E2+B?)/2 - (E? + B?)
In particular:
1 . )
T = (E*+B%) , (I")=(T")=ExB
- 1
(1) = 5(E?+B?) - 11s ~E@E-B®B
With
1 1
L= *ZFWFW +AJN = ~1 (0,A, —0,A,) (OHAY — OV A¥) + A, JH
1 1% 174 1 »x, UV
= —5[(0uA)@"47) = (0,4,)(@ A" + 4,5 = —Sw N [(9,4,) (0. AN) — (9,A,) (92AL)]
and
S I (007 (0.AN) + (OIS — 807 (02 ) — (84,0507
0(0,As) 2
= PN [0,, Ay — OzA,] = F°°
the Lagrange equations give
oL oL
0= -0 =J7 = 0,F°° (0.5)

94,  7"0(0,A,)



Thus, with J#* = 0 we may write

1 1
O, TH = (8, F*NFYy\ + FMO,FYy —-n(0,F)Frg — 0" F*(8,F\,)

Py, A0 Fxq 0, FX7
1 1
— (8VFH)\)FV)\ _ 5 n#vF)\aauF)\U _ _5 oY [8‘“FV)\ _ auF,u/\ _ 8VF'LL>\}
—_———
F)\Ua“‘F)‘U

1
= =5 Fn [0" P + 0" FM + 0 ] =0

=0 due to (0.1)

which was to be proven.

Scalar field theory

Beginning with

T =" 0" (0x0)(0s0) — =01 (0r0) (05 d) — 1V ()

= (0"6)@"9) - "7 (079)(@o9) "V
————

(V¢)2—(80¢)2
we see

T = % (Vo + 2| +v (1) = (1) = - (Vo)

(1) = (V9) @ (V6) = 5 [(96) = & + V] 1ss

Furthermore, the Lagrange equation leads directly to

oL oL oV

0= — -0, ———=90,0'p— — 0.6
06~ 90,0) L0 B 06)
~ N—— ]
_% —0r ¢

Thus we may write

aUTp,V _ nu)\nuo'

( uA¢) (30(25) + U”A v (aMb)( uo¢) - 77’“' [;7])\0 (&/A‘ﬁ) (8¢7¢) + %77)\0 (8A¢)(3ua¢) + &,V

= (0" 0,68)(0"0)(0"0) + (9"6) (9" 0u) 1" [ (9,20)(0:0) + 000 |

=~
At me
— QBT + (0006 - (QL25810°F] - T (0"0) = @0) |00~ T | —o
~——

0
due to (0.6)
which was to be proven



