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Problem 01 (Carroll, Problem 1.11)
Show that:

∂µFνλ + ∂νFλµ + ∂λFµν = 0 ∀ µ, ν, λ (0.1)

ist equivalent to ∂[µFνλ] = 0.
Indeed, this follows directly from

∂[µFνλ]
def= ∂µFνλ − ∂µ Fλν︸︷︷︸

−Fνλ

+∂νFλµ − ∂ν Fµλ︸︷︷︸
−Fλµ

+∂λFµν − ∂λ Fνµ︸︷︷︸
−Fµν

= 2
(
∂µFνλ + ∂νFλµ + ∂λFµν

)

Show that: Statement (0.1) is equivalent to

εijk∂jEk + ∂0B
i = 0 (0.2)

and

∂iB
i = 0 (0.3)

Beginning with the Definition

(Fµν) =


0 −E1 −E2 −E3

E1 0 B3 −B2

E2 −B3 0 B1

E3 B2 −B1 0


Direction "⇒": Setting µ = 1, ν = 2, λ = 3 leads to

0 = ∂1F23 + ∂2F31 + ∂3F12 = ∂1B
1 + ∂2B

2 + ∂3B
3 (0.4)

Moreover, with Bi = 1
2Fjkε

ijk we can write

εijk∂j Ek︸︷︷︸
Fk0

+∂0B
i = εijk∂jFk0 +

1
2
εijk∂0Fjk

(0.1)
= εijk

[
∂jFk0 −

1
2
∂jFk0 −

1
2
∂k F0j︸︷︷︸
−Fj0

]

=

antisymmetric
in j,k︷︸︸︷
εijk

2
· [∂jFk0 + ∂kFj0]︸ ︷︷ ︸

symmetric
in j,k

= 0 ∀ 1, 2, 3
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Direction "⇐”: Statement (0.1) is obviously invariant under any permutation1 of λ, µ, ν. Moreover, it is trivial
if two or more indices are equal (e.g. λ = ν), since

∂µ Fνλ︸︷︷︸
Fνν=0

+∂νFλµ + ∂λFµν = ∂νFνµ + ∂ν Fµν︸︷︷︸
−Fνµ

= 0

Thus, statement (0.1) is practically dependent only on the set I := {µ, ν, λ} ⊆ {0, .., 3} chosen.

Case I = {1, 2, 3}:
∂1F23 + ∂2F31 + ∂3F12 = ∂1B

1 + ∂2B
2 + ∂3B

3 = 0

Case I = {0, ν, λ} , 1 ≤ ν, λ ≤ 3, ν 6= λ: Let i ∈ {1, 2, 3} \ {ν, λ}. Then by statement (0.2):

0
(0.2)
= εijk︸︷︷︸

0 falls
{j,k}6={ν,λ}

∂jFk0 +
1
2

εijk︸︷︷︸
0 falls

{j,k}6={ν,λ}

∂0Fjk = εiνλ∂νFλ0 + εiλν︸︷︷︸
−εiνλ

∂λ Fν0︸︷︷︸
−F0ν

+
1
2
εiνλ∂0Fνλ +

1
2
εiλν︸︷︷︸
−εiνλ

∂0 Fλν︸︷︷︸
−Fνλ

= εiνλ︸︷︷︸
∈{±1}

[∂νFλ0 + ∂λF0ν + ∂0Fνλ]

and thus
∂0Fνλ + ∂νFλ0 + ∂λF0ν = 0

Problem 02
Maxwell’s electromagnetism

Beginning with

F̂ := (Fµν) =


0 −E1 −E2 −E3

E1 0 B3 −B2

E2 −B3 0 B1

E3 B2 −B1 0

 , F̂ ′ := (Fµν) =


0 E1 E2 E3

−E1 0 B3 −B2

−E2 −B3 0 B1

−E3 B2 −B1 0


1Since naturally invariant under cyclical permutations, and transposition of two indices as well, as for example in swapping

λ↔ ν:
∂µ Fνλ|{z}
−Fλν

+ ∂νFλµ + ∂λFµν| {z }
−∂λFνµ−∂νFµλ

= −
`
∂µFλν + ∂λFνµ + ∂νFµλ

´
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we write

Tµν = Fµλ︸︷︷︸
−Fλµ

F νλ︸︷︷︸
F νκηκλ

−1
4
ηµνFλσ Fλσ︸︷︷︸

−Fσλ

= −
(
F̂ ′ · η · F̂ ′

)νµ
+
ηµν

4
trace

(
F̂ ′ · F̂

)
︸ ︷︷ ︸

2(E2−B2)

=



E2 E2B3 − E3B2 E3B1 − E1B3 E1B2 − E2B1

E2B3 − E3B2 B2
2 +B2

3 − E2
1 −E1E2 −B1B2 −E1E3 −B1B3

E3B1 − E1B3 −E1E2 −B1B2 B2
1 +B2

3 − E2
2 −E2E3 −B2B3

E1B2 − E2B1 −E1E3 −B1B3 −E2E3 −B2B3 B2
1 +B2

2 − E2
3


+

1
2
(E2 −B2) ·


−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1



=



(E2 + B2)/2 E2B3 − E3B2 E3B1 − E1B3 E1B2 − E2B1

E2B3 − E3B2 (E2 + B2)/2− (E2
1 +B2

1) −E1E2 −B1B2 −E1E3 −B1B3

E3B1 − E1B3 −E1E2 −B1B2 (E2 + B2)/2− (E2
2 +B2

2) −E2E3 −B2B3

E1B2 − E2B1 −E1E3 −B1B3 −E2E3 −B2B3 (E2 + B2)/2− (E2
3 +B2

3)


In particular:

T 00 =
1
2
(E2 + B2) , (T 0i) = (T i0) = E×B

(T ik) =
1
2
(E2 + B2) · 13×3 −E⊗E−B⊗B

With

L = −1
4
FµνF

µν +AµJ
µ = −1

4
(∂µAν − ∂νAµ) (∂µAν − ∂νAµ) +AµJ

µ

= −1
2

[
(∂µAν)(∂µAν)− (∂µAν)(∂νAµ)

]
+AµJ

µ = −1
2
ηµκηνλ

[
(∂µAν)(∂κAλ)− (∂µAν)(∂λAκ)

]
and

∂L
∂(∂ρAσ)

= −1
2
ηµκηνλ

[
δρµδ

σ
ν (∂κAλ) + (∂µAν)δρκδ

σ
λ − δρµδσν (∂λAκ)− (∂µAν)δ

ρ
λδ
σ
κ
]

= −ηρκησλ [∂κAλ − ∂λAκ ] = Fσρ

the Lagrange equations give

0 =
∂L
∂Aσ

− ∂ρ
∂L

∂(∂ρAσ)
= Jσ − ∂ρFσρ (0.5)
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Thus, with Jµ = 0 we may write

∂νT
µν = (∂νFµλ)F νλ + Fµλ∂νF

ν
λ︸ ︷︷ ︸

Fµλ∂νF νλ
(0.5)
= 0

−1
4
ηµν(∂νFλσ)Fλσ −

1
4
ηµν Fλσ(∂νFλσ)︸ ︷︷ ︸

Fλσ∂νFλσ

= (∂νFµλ)F νλ −
1
2
ηµνFλσ∂νF

λσ︸ ︷︷ ︸
Fλσ∂µFλσ

= −1
2
Fνλ

[
∂µF νλ − ∂νFµλ − ∂νFµλ

]

= −1
2
Fνλ

[
∂µF νλ + ∂νFλµ + ∂λFµν

]︸ ︷︷ ︸
=0 due to (0.1)

= 0

which was to be proven.

Scalar field theory

Beginning with

Tµν = ηµληνσ(∂λφ)(∂σφ)− 1
2
ηµνηλσ(∂λφ)(∂σφ)− ηµνV (φ)

= (∂µφ)(∂νφ)− ηµν

2
(∂σφ)(∂σφ)︸ ︷︷ ︸
(~∇φ)2−(∂0φ)2

−ηµνV

we see

T 00 =
1
2

[
(~∇φ)2 + φ̇2

]
+ V , (T i0) = (T 0i) = φ̇ · (~∇φ)

(T ij) = (~∇φ)⊗ (~∇φ)− 1
2

[
(~∇φ)2 − φ̇2 + V

]
· 13×3

Furthermore, the Lagrange equation leads directly to

0 =
∂L
∂φ︸︷︷︸
− ∂V∂φ

−∂µ
∂L

∂(∂µφ)︸ ︷︷ ︸
−∂µφ

= ∂µ∂
µ︸ ︷︷ ︸

�

φ− ∂V

∂φ
(0.6)

Thus we may write

∂νT
µν = ηµληνσ(∂νλφ)(∂σφ) + ηµληνσ(∂λφ)(∂νσφ)− ηµν

[
1
2
ηλσ(∂νλφ)(∂σφ) +

1
2
ηλσ(∂λφ)(∂νσφ) + ∂νV

]

= (∂µ∂νφ)(∂νφ)(∂νφ) + (∂µφ) (∂ν∂νφ)︸ ︷︷ ︸
�φ

−ηµν
[
ηλσ(∂νλφ)(∂σφ) + ∂νφ︸︷︷︸

∂V
∂φ ∂νφ

]

= (((((((
(∂µφ∂νφ)(∂νφ) + (∂µφ)�φ−(((((((

(∂µ∂λφ)(∂λφ)− ∂V

∂φ
(∂µφ) = (∂µφ)

[
�φ− ∂V

∂φ

]
︸ ︷︷ ︸

0
due to (0.6)

= 0

which was to be proven
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