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Abstract

Simple derivations are given for the cosmological & gravitational redshift as well as the special-relativistic
Doppler effect, resulting from the proportionality of a photon’s energy to the scalar product of its tangent
vector and the observer’s.
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Conventions
e The 4-metric is always denoted by g.
e We shall denote 4-vectors by &, with the actual point on the manifold implied by context.
e The spatial part of vectors shall be denoted by bold character, the time-part by ¢, that is = (¢, x).

e Proper time & affine worldline parameters are symbolized by 7, derivatives with respect to 7 by an upper
dot. Derivatives with respect to the time coordinate ¢ are denoted by primes ’.

e The sub-index p will always denote particles and photons in particular, e and o emitter and observer
respectively.

e Frequencies are symbolized by v, angular frequencies by w, wavelengths by .

1 Introduction

As is known from general relativity theory, a photon’s energy as measured by some observer &,, is proportional
to g(&p, o) With z,(7) being the geodesic photon worldline[5]. This is in direct analogy to the fact that, the
observed energy of a massive particle of mass m the observed energy is given by g(mp,Z,)[4]. Note that a
photon has no definite energy, as the latter need always be defined with respect to some observer. For a photon
emitted by some emitter . and received by some observer #,, the respective frequency ratio is given by

(1.1)

Ve g(a}pvi‘e)

Vo _ g(dp, o)

This fundamental expression, will be used within the rest of this article to derive the cosmological and gravita-
tional redshift, as well as the special-relativistic Doppler effect. While in principle frequency shifts are possible
in both directions (i.e. red- and blueshift), we shall in the following for simplicity refer to both cases as redshifts.

Basic knowledge of special and general relativity theory is assumed. Otherwise, the reader is referred to
Carroll[1, 2|, Oloff[4] and Woodhouse[5].

2 The cosmological redshift

We shall illustrate the application of (1.1) to obtaining the cosmological redshift by assuming a metric of the
form

g=c*dt* + R*(t) - gs (2.1)

in coordinates (¢,x), with the so called scale factor R = R(t) and the 3-dimensional metric g, defined on the
sub-manifold {t : const}, thus acting (and depending) only on spatial parts’. The geodesic equation for the
time-coordinate is given by

d 09(&p,xp)  Og(ip,Zp) . .
0=— PPl PPl — 9¢% §, — 2RR - , 2.3
dr o1, ot, c lp 9s(Xp, Xp) (2.3)
whereas for photons
0 = g(dp, dp) = {2 + R - gy (%p, %p) (2.4)
holds. Inserting (2.4) into (2.3) yields
. R ., . R .
1 Assuming the cosmological principle[1] one obtains the known Robertson-Walker metric
2
g=c?dt® — R%(t) - dr + 72 d9? +r?sin? 9 dp? (2.2)
1—er2

in coordinates (¢, 7,9, p) with € as constant sign of the space curvature.



which can be written as

ty R
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By integrating (2.6) on both sides one obtains
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for some constant C'. Now consider a photon z, emitted by the emitter &, and observed by observer &,, which
we shall assume not to be moving, that is X, = 0 = x,. Then t. = 1 = ¢, and applying (1.1) yields the
cosmological redshift

vy Py iy], = R2(t) - ga(kp.%0) by

= — — =2 (2.8)
Ve .- tp|e — R%(te) - gs(%p, %e) tp|e
which together with (2.7) takes the final form
vo  R(te)
Zo _ 2.9
ve R(t,) (29)

This redshift is not to be confused with the special-relativistic Doppler effect (see later 3.2), as it is a pure effect
of different scale factors (i.e. universe sizes) at emission and observation time.

te to

Figure 2.1: On the cosmological redshift. In an expanding
universe, photons emitted by a resting source and observed
by a resting observer, always appear redshifted.

3 Static metrics

We shall now specialize (1.1) to static metrics of the form
g =g dt* + g, (3.1)

with the 3-dimensional metric g, defined on {t: const}, acting and depending only on the spatial parts and
O0tguy = 0V u,v. By lemma A.1 the energy

E = gt - t:p (32)
is conserved along photon geodesics. Thus for an emitter &, and observer &, the frequency ratio (1.1) takes the
form

Vo E't.o'i_gs(xznxo)

— = ; 3.3
Ve E-te+ gs(Xp,%e) (3:3)




3.1 The gravitational redshift

Consider a photon x,, emitted by a resting emitter &., observed by a resting observer &,. Then g(&.,Z.) = 1 = g(&o, &o)
implies

. 1 . 1
te = , to = (3.4)
vV gt le V1get] o
and (3.3) yields the known gravitational redshift
& _ |gtt| }e ) (3.5)
Ve |Gt ‘0
In case of a Schwarzschild metric
2 Ts 2 rs17t o 2 592 2 o2 2
g=c [17—] dtf[lf—] dr® +r* d9° 4+ r“sin” ¥ dy (3.6)
r r
with the Schwarzschild radius r, := QC;M , the ratio (3.5) takes the form
v _ T
A :,e ) (3.7)
Ve -
Photons emitted from the surface of a massive star are thus redshifted for distant, resting observers.
’géﬁ T
< i ,
re =2GM/c* [
Figure 3.1: On the gravitational redshift in spherically
symmetric, static metrics around massive stars. Photons
emitted from nearby the star, appear redshifted to more dis-
tant observers.
If one defines the redshift
>\o - )\e
zi=—— 3.8
= (38)

then by using (3.7) in the case of a Schwarzschild metric for distances r., r, much greater than the Schwarzschild
radius? r,, one obtains

)\0 Ts Ts Ts 1 1
=——-1l=|1—-— 1 -1l =|——=—] . .
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2The Earths Schwarzschild radius is approximately 9 mm, the Suns about 3 km.



Interpreting ®(r) := —GTM as gravitational potential at distance r, allows one to write (3.9) as
1
2~ 5 [B(ro) = B(re)] (3.10)

This expression for the redshift can, in the case of weak gravitational fields, also be derived|2] directly from the
Einstein equivalence principle. The case |r, — 7| < re is illustrated in figure 3.2.

Figure 3.2: The gravitational redshift for radii much larger
than the Schwarzschild radius, illustrated on the Earth’s sur-
face. The redshift is approximately given by z ~ %Q with
g~ 9.8 m- s 2 as gravitational acceleration.

3.2 The special-relativistic Doppler effect

Consider the metric of flat spacetime
g =c* dt* — dx? (3.11)

and a photon z, emitted by the emitter &., observed by &,. By lemma A.1 the component fp is constant along
the photon worldline and (1.1) takes the form

. . L. 27 7dxp.- . 27dxpdxo
& . Cztp . to — XpXo o ¢ to dty, Xo o to . ¢ dtp dto (3 12)
T 2f e~ 97 dx, . £ o  dx, dx., :
Ve (& tp te XpXe C‘Qte — dt: - Xe te 2 — W:,) d)t(:
. dxo . dx Xp
Let v, := a2 Ve = G and e, := ENE then
. 1 . 1
tO = — = ’70 s te = - = ’ye (3.13)
1- v 1-%
- -
and (3.13) can be written as
Vo Yo C€— €V,
—_—= = —— (3.14)
Ve Ve C—€pVe

The first factor in (3.14) can be attributed to time-dilational effects, with the second one merely corresponding
to the non-relativistic Doppler effect. As an example, consider an emitter moving away from a resting observer

at speed v, := ||v¢||, that is, ve || —e,. Then (3.14) leads to the more familiar expression
1_ Ye
Yo _ E: (3.15)
Ve 1+ %

3Stating that the laws of physics reduce to those of special relativity in small enough regions of spacetime, thus making it
impossible to detect a gravitational field.



of the special-relativistic Doppler effect. In the non-relativistic limit (3.14) simplifies to

€p
c
with z as the redshift defined in (3.8). From (3.16) it follows readily that

R

(Vo - Ve) s (316)

Wo—We XKy (Ve — Vo) mKe - (Ve —V,) . (3.17)

A Appendix

A.1 Lemma: On the conservation of energy along geodesics
Let g be such that for some coordinate index s« all its components do not depend on x*, that is
0w =0 V p,v (A1)
and g can be decomposed as
g = Gosedx”™dx” + gs (A.2)

s

with g5 as 3-dimensional metric, defined on the sub-manifold {z* : const}. Then for any curve satisfying the

geodesic equation

T, a7 (A.3)
the value
E:=3"" g,

is constant along the curve.
Proof: Let z = z(7). Then
B g ep  AD ruc o b g 5 5 9 oo b
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