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Aufgabe 01

a)

2y5y′′ = −1
y0 6=0→ y′′ = − 1

2y5
→ d

dt
(y′2) = 2y′y′′ = − y′

y5
=

d

dt

(
1

4y4

)

⇒ y′2 =
1

4y4
+ C, C : const

AWP
 C = 0 → y′ =

1
2y2

→ 2
3
y3 =

∫
2y2dy =

∫
dt = t + D, D : const

AWP
 D = −5

3
⇒ y = 3

√
3t

2
− 5

2

b)

y′′ = 2 sin 2y → d

dt

(
y′2

)
= 2y′y′′ = 4y′ sin 2y = − d

dt
(2 cos 2y)

⇒ y′2 = −2 cos 2y + C
AWP
 C = 2 → y′ =

√
2− 2 cos 2y

⇒ t + D =
∫

dt =
∫

dy√
2 ·
√

1− cos 2y

u:=
√

1+cos 2y
= −1

4
· ln

∣∣∣∣∣
√

2 +
√

1 + cos 2y√
2−

√
1 + cos 2y

∣∣∣∣∣ AWP
 D = 0

→ cos 2y = 2
(

e−4t − 1
e−4t + 1

)2

− 1

c)

y′′ = (y′)2 sin y
y′(0) 6=0→ Sub : p := y′(x(y))  

dp

dy
=

y′′

p
=

p2 sin y

p
= p sin y

⇒ ln |p| =
∫

dp

p
=

∫
sin y dy = − cos y + C

AWP
 C = 1 ⇒ p = y′ = e1−cos y

⇒
∫ y

0

ecos u−1du =
∫ t

0

du = t

1



d)

3yy′y′′ = (y′)3 − 1
y(0),y′(0) 6=0→ y′′ =

(y′)3 − 1
3yy′

, Sub : p := y′(y)  
dp

dy
=

y′′

p
=

p3 − 1
3yp2

⇒ ln
∣∣p3 − 1

∣∣ =
∫

3p2 dp

p3 − 1
=

∫
dy

y
= ln |y|+ C

AWP
 C = ln 7 ⇒ y′ = p = 3

√
7y + 1

⇒ 3(7y + 1)2/3

14
− 6

7
=

3
14
·
[
(7u + 1)2/3

]y

1
=

∫ y

1

du
3
√

7u + 1
=

∫ t

0

dt = t → y =
1
7
·

[(
14t + 12

3

)3/2

− 1

]

Aufgabe 02

a)

~̇y =
d

dt

(
y1

y2

)
=

(
2y1 + y2

3y1 + 4y2

)
=

(
2 1
3 4

)
︸ ︷︷ ︸

A

·~y

Triviale Lösung : ~y ≡ 0

Ansatz : ~y = eλt · ~d → ~̇y = λ~y = A~y → (A− λE) · ~d = 0 → det(A− λE) != 0

 λ1 = 1, λ2 = 5, (A− λiE) · ~di
!= 0  ~d1 = α ·

(
1
−1

)
, ~d2 = β ·

(
1
3

)
, α, β : const

→ ~y = et · ~d1 + e5t · ~d2

b)

~̇y =
d

dt

(
y1

y2

)
=

(
1 −1
1 3

)
︸ ︷︷ ︸

A

·
(

y1

y2

)
, T riviale : ~y ≡ 0

Ansatz : ~y = eλt · ~d → det(A− λE) != 0  λ = 2  ~d = α ·
(

1
−1

)

Φ :=
(

1 e2t

0 −e2t

)
, Φ−1 =

(
1 1
0 −e−2t

)
, Φ̇ =

(
0 2e2t

0 −2e2t

)

Ansatz : ~y = Φ · ~X → ~̇y = Φ̇ ~X + Φ ~̇X = A~y = AΦ ~X → ~̇X = Φ−1(AΦ− Φ̇)︸ ︷︷ ︸
B

~X

B =
(

2 0
−e−2t 0

)
→ ~̇X =

(
ẋ1

ẋ2

)
= B · ~X =

 2x1

−e−2tx1



⇒ x1 = βe2t, x2 = −βt → ~y = Φ · ~X = βΦ ·

 e2t

−t

 = βe2t

(
1− t

t

)
⇒ ~y = e2t ·

 α + β(1− t)

−α + βt
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c)

~̇y =
(

1 −3
3 1

)
︸ ︷︷ ︸

A

·~y, Triviale : ~y ≡ 0

Ansatz : ~y = eλt · ~d  (A− λE) · ~d
!= 0  λ1,2 = 1± 3i  ~d1 = α ·

(
1
−i

)
, ~d2 = β ·

(
1
i

)
, α, β ∈ C

→ ~y = et ·

 αei3t + βe−i3t

−iαei3t + iβe−i3t


d)

~̇y =
(

1 1
−2 3

)
︸ ︷︷ ︸

A

·~y, Triviale : ~y ≡ 0

Ansatz : ~y = eλt · ~d  (A− λE) · ~d
!= 0  λ1,2 = 2± i  ~d1 = α ·

(
1

1 + i

)
, ~d2 = β ·

(
1

1− i

)
, α, β ∈ C

→ ~y = e2t ·

 αeit + βe−it

α(1 + i)eit + β(1− i)e−it



Aufgabe 03

a)

~̇y =
(

1 −1
−1 1

)
· ~y︸ ︷︷ ︸

A

+
(

2
4t

)
︸ ︷︷ ︸

~g

, Homogene : ~yh = α ·
(

1
1

)
︸ ︷︷ ︸

~d1

+βe2t ·
(

1
−1

)
︸ ︷︷ ︸

~d2

, α, β ∈ R

Ansatz : ~yp =
(

y1

y2

)
= u(t) · ~d1 + v(t) · e2t · ~d2 → ~̇yp = u̇ · ~d1 + v̇e2t · ~d2 + 2ve2t · ~d2

!= A · ~yp + ~g

→

 u̇ + v̇e2t

u̇− v̇e2t

 =

 2

4t

 → u̇ = 1 + 2t ∧ v̇ = (1− 2t)e−2t

→ u =
∫

(1 + 2t)dt = t + t2, v =
∫

(1− 2t)e−2tdt = te−2t → ~y = (α + t + t2) · ~d1 +
(
βe2t + t

)
· ~d2

b)

~y =
(

2 4
−1 −2

)
︸ ︷︷ ︸

A

·~y +
(

cos t
sin t

)
︸ ︷︷ ︸

~g

, Hom. : λ = 0  ~yh = α ·
(

2
−1

)
︸ ︷︷ ︸

~d1

+β ·
(

1 + 2t
−t

)
︸ ︷︷ ︸

~d2

Ansatz : ~yp =
(

a cos x + b sinx
c cos x + d sinx

)
 ~yp =

(
−2 cos x− 3 sinx

2 sinx

)
→ y = α · ~d1 + β · ~d2 +

(
−2 cos x− 3 sinx

2 sinx

)
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Aufgabe 04

a)

~̇y =
(

2 1
3 4

)
︸ ︷︷ ︸

A

·~y +
(

e−x

1

)
︸ ︷︷ ︸

~g

, ~y(0) =

 − 5
12

1
20

 , ~yh = αet ·
(

1
−1

)
︸ ︷︷ ︸

~d1

+βe5t ·
(

1
3

)
︸ ︷︷ ︸

~d2

Ansatz : ~yp = u(t) · et · ~d1 + v(t) · e5t · ~d2  u̇et · ~d1 + v̇e5t · ~d2 =

 u̇et + v̇e5t

−u̇et + 3v̇e5t

 = ~g

 u̇ =
3e−2t

4
− e−t

4
∧ v̇ =

e−5t

4
+

e−6t

4
→ u = −3e−2t

8
+

e−t

4
∧ v = −e−5t

20
− e−6t

24

⇒ ~y =
(

αet − 3e−t

8
+

1
4

)
· ~d1 +

(
βe5t − 1

20
− e−t

24

)
· ~d2

AWP  α =
31
240

∧ β =
7
80

b)

~̇y =
(

1 1
−2 3

)
· ~y +

(
2e2x sinx
2e2x cos x

)
︸ ︷︷ ︸

~g

~yh = αe(2+i)x ·
(

1
1 + i

)
︸ ︷︷ ︸

~d1

+βe(2−i)x ·
(

1
1− i

)
︸ ︷︷ ︸

~d2

Ansatz : ~yp = u(x) · e(2+i)x · ~d1 + v(x) · e(2−i)x · ~d2  

 u̇e(2+i)x + v̇e(2−i)x

u̇(1 + i)e(2+i)x + v̇(1− i)e(2−i)x

 = 2e2x ·

 sinx

cos x



 u̇ = i sinxe−ix − i = i cos x sinx + sin2 x− i ∧ v̇ = i− i sinxeix = i− i sinx cos x + sin2 x

 u =
i sin2 x

2
− sin 2x

4
+

x

2
− ix ∧ v =

i cos2 x

2
− sin 2x

4
+

x

2
+ ix

→ ~y = e2x ·

 eix(α + u) + e−ix(β + v)

eix(1 + i)(α + u) + e−ix(1− i)(β + v)

 , AWP  α = −i, β = −3i

2
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Aufgabe 05

~̇y =

 −1 1 1
1 −1 1
1 1 1

 · ~y, ~y(0) =

 1
0
0



Ansatz : ~y = eλx · ~d  (A− λE) · ~d = 0  λ1 = −1, λ2 = −2, λ3 = 2

~d1 = α ·

 1
1
−1

 , ~d2 = β ·

 1
−1
0

 , ~d3 = γ ·

 1
1
2

 , α, βγ ∈ R

→ ~y = αe−x · ~d1 + βe−2x · ~d2 + γe2x · ~d3, AWP  α =
1
3
, β =

1
2
, γ =

1
6
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