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Aufgabe 01

a)

x2y′′ − 4xy′ + 6y = 0 Ansatz : y = z(t), t := lnx ⇒ y′ = z′(t) · 1
x

, y′′ =
z′′(t)
x2

− z′(t)
x2

 z′′ − 5z′ + 6z = 0  z = C1e
3t + C2e

2t ⇒ y = C1x
3 + C2x

2 , AWP  y = x3 + x2

b)

x2y′′ − 3xy′ + 5y = 0 Ansatz : y = z(t), t := lnx  z′′ − 4z′ + 5z = 0

 z = e2t · (C1 cos t + C2 sin t) → y = x2 · (C1 cos lnx + C2 sin lnx)

AWP :  y = x2 · (cos lnx− 2 sin lnx), x > 0

c)

x2y′′ − 3xy′ + 5y = 0 Ansatz : yh = z(t), t := lnx  z′′ + 5z′ + 6z = 0

 z = C1e
−3t + C2e

−2t → yh = C1x
−3 + C2x

−2

Ansatz : yp =
u(x)
x3

+
v(x)
x2

,
u′

x3
+

v′

x2
= 0 ∧ 3u′

x2
+

2v′

x
= −ex  v′ = xex ∧ u′ = −x2ex

→ u = −ex(x2 − 2x + 2) ∧ v = ex(x− 1) → y = yh + ex (x− 2)
x3

AWP :  y =
e

x3
− 1

x2
+ ex (x− 2)

x3

d)

x2y′′ − xy′ + y = 8x3 Ansatz : y = z(t) t := lnx  z = et(C1 + C2t) + 2e3t → y = x(C1 + C2 lnx) + 2x3

AWP :  y = −x(2 + 4 ln x) + 2x3
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Aufgabe 02

a)

x(x2 + 6)y′′ − 4(x2 + 3)y′ + 6xy = 0, y1(x) = x3

Ansatz : y = y1(x) ·
∫

u(x)dx → y′ = 3x2

∫
udx + x3u ∧ y′′ = 6x

∫
udx + 6x2u + x3u′

 u′(6x + x3) + u(24 + 2x2) = 0  u =
(x2 + 6)

x4
· C, ⇒ y = C1 · y1 − C2 · y1 ·

∫
udx = C1 · x3 + C2 · (x2 + 2)

AWP :  y = x3 + 2(x2 + 2)

b)

x(2x + 1)y′′ + 2(x + 1)y′ − 2y = 0, y1(x) =
1
x

, Ansatz : y = y1 ·
∫

udx  u′(2x + 1)− 2u = 0  u = (2x + 1)

y = C1y1 + C2y1 ·
∫

udx =
C1

x
+ C2(x + 1), AWP :  y = − 1

x
+ 2(x + 1)

c)

x3y′′′ + (3x3 − 6x2)y′′ + (2x3 − 12x2 + 18x)y′ − (4x2 − 18x + 24)y = 0, y1(x) = x2

Ansatz : y = y1 ·
∫

udx = x2

∫
udx, y′ = 2x

∫
udx + x2u, y′′ = 2

∫
udx + 4xu + x2u′, y′′′ = 6u + 6xu′ + x2u′′

→ x5u′′ + 3x5u′ + 2ux5 = 0 → u′′ + 3u′ + 2u = 0  u1 = e−x, u2 = e−2x

⇒ y = C1y1 − C2y1 ·
∫

u1dx− 2C3y1 ·
∫

u2dx = x2 ·
(
C1 + C2e

−x + C3e
−2x

)
d)

xy′′ − (2x + 1)y′ + 2y = 0, y1 = e2x, Ansatz : y = y1

∫
udx  u′x + u(2x− 1) = 0  u = xe−2x

⇒ y = C1y1 − 4C2y1 ·
∫

udx = C1e
2x + C2 · (2x + 1)
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Aufgabe 03

(1 + x2) · y′′ + 2xy′ − 2y = 0 Ansatz : y =
∞∑

k=0

akxk → y′ =
∞∑

k=1

akkxk−1, y′′ =
∞∑

k=2

akk(k − 1)xk−2

⇒
∞∑

k=0

(k + 1)(k + 2)ak+2x
k +

∞∑
k=2

ak(k − 1)kxk + 2 ·
∞∑

k=1

akkxk − 2 ·
∞∑

k=0

akxk

= 2(a2 − a0) + 6a3x +
∞∑

k=2

{ak+2(k + 1)(k + 2) + ak(k − 1)k + 2akk − 2ak} · xk = 0

⇒ a2 = a0, a1 frei, a3 = 0, ak+2 = −k(k − 1) + 2(k − 1)
(k + 1)(k + 2)

· ak = − (k − 1)
(k + 1)

· ak

→ Für k = 2n + 1, n ∈ N : ak = 0.

F ür k = 2n : Induktionsannahme : ak =
(−1)

k
2 +1a0

k − 1
=, k = 0, 2, 4, 6...

Induktionsanfang : a0 = a0 Klar

Induktionsschritt : ak+2 = −k − 1
k + 1

· ak = − (−1)
k
2 +1a0

k + 1
=

(−1)
k+2
2 +1a0

(k + 2)− 1

⇒ y = a1 + a0 ·
∞∑

n=0

(−1)n+1

2n− 1
· x2n

Aufgabe 04

(1− x2)y′′ − xy′ + y = 0, y1 = x Ansatz : y = y1 ·
∫

udx  u′x(1− x2) + u(2− 3x2) = 0

 ln |u| =
∫

(3x2 − 2)
x(1− x2)

dx =
∫ {

−2
x

+
1

2(1− x)
− 1

2(1 + x)

}
dx = −2 ln |x| − ln |1− x|

2
− ln |1 + x|

2
+ C

→ u =
1

x2
√

1− x2
→ y = C1y1 − C2y1 ·

∫
udx = C1x + C2

√
1− x2
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Aufgabe 05

(x− 1)y′′ − xy′ + y = 0 Ansatz : y =
∞∑

k=0

akxk → y′ =
∞∑

k=1

akkxk−1, y′′ =
∞∑

k=2

akk(k − 1)xk−2

→
∑
k=1

k(k + 1)ak+1x
k −

∞∑
k=0

ak+2(k + 1)(k + 2)xk −
∞∑

k=1

kakxk +
∞∑

k=0

akxk

= (a0 − 2a2) + x(2a2 − 6a3) +
∞∑

k=2

{−ak+2(k + 1)(k + 2) + ak+1k(k + 1) + ak(1− k)} · xk = 0

→ a0 = 2a2 = 6a3, a1 : frei, ak+2 =
k(k + 1)ak+1 + (1− k)ak

(k + 1)(k + 2)
, k ≥ 2

Induktionsannahme : ak =
a0

k!
, k = 2, 3, 4...

Induktionsanfang : a2 =
a0

2
, a3 =

a0

6

Induktionsschritt : ak+1 =
a0

k(k + 1)
·
(

(k − 1)k
k!

− (k − 2)
(k − 1)!

)
=

a0[(k − 1)− (k − 2)]
k(k + 1)(k − 1)!

=
a0

(k + 1)!

⇒ y = a0 + a1x + a0 ·
∞∑

k=2

xk

k!
=

(
a1 −

a0

2

)
· x + a0e

x, AWP :  y = ex

Aufgabe 06

a)

y′′ + y′ + λy = 0

Fall 1 : λ <
1
4
 y = e−

x
2 ·

(
C1e

xω + C2e
−xω

)
, ω =

1
2
·
√

1− 4λ

NB :  C2 = −C1, C1e
ω(1− 2ω) = C1e

−ω(1 + 2ω) → C1 = C2 = 0

Fall 2 : λ =
1
4
 y = e−

x
2 · (C1 + xC2), NB :  C1 = C2 = 0

Fall 3 : λ >
1
4
 y = e−

x
2 · (C1 cos ωx + C2 sinωx), ω =

√
λ− 1

4

NB :  C1 = 0, C2 6= 0, ω = kπ, k ∈ N → λ = (kπ)2 +
1
4
, y = C2e

− x
2 sin(kπx)
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b)

y′′ + 2y′ + (1− λ)y = 0

Fall 1 : λ > 0  y = e−x ·
(
C1e

x
√

λ + C2e
−x
√

λ
)

, RB :  C1e
√

λ(1−
√

λ) = C1e
−
√

λ(1 +
√

λ) → C1 = C2 = 0

Fall 2 : λ = 0  y = e−x · (C1 + xC2), RB :  C1 = 0 ∧ C2 ∈ R \ {0}  y = C2xe−x

Fall 3 : λ < 0  y = e−x · (C1 cos
√

λx + C2 sin
√

λx)  C1 = 0, C2

√
λ cos

√
λ = C2 sin

√
λ  

√
λ = tan

√
λ

 y = e−x · C2 sin
(
x
√

λ
)

, C2 6= 0
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(xy′)′ +
λ

x
y = xy′′ + y′ +

λ

x
y = 0 → y′′x2 + y′x + λy = 0 Ansatz : y = z(t), t = lnx  z′′ + λz = 0

Fall 1 : λ < 0  z = C1e
tω + C2e

−tω, ω =
√
−λ → y = C1x

ω + C2x
−ω, NB :  C1 = C2 = 0

Fall 2 : λ = 0  z = C1t + C2 → y = C1 lnx + C2 NB :  C1 = C2 = 0

Fall 3 : λ > 0  z = C1 cos ωt + C2 sinωt, ω =
√

λ → y = C1 cos(ω lnx) + C2 sin(ω lnx)

NB :  C1 = 0, C2 6= 0 : · sinω = 0 ⇒ ω =
√

λ = kπ, k ∈ N → y = C2 sin (kπ lnx)
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