
Übungen zur Analysis II

FSU Jena - SS 07

Serie 06 - Lösungen
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Aufgabe 01

u = x2exey + y2exey

∂u

∂y
= x2exey + y2exey + 2yexey = u + f, f := 2yexey,

∂f

∂y
= f + 2yexey

∂2u

∂y2
=

∂u

∂y
+ f + 2exey,

∂3u

∂y3
=

∂2u

∂y2
+ f + 4exey ⇒ ∂nu

∂yn
=


∂n−1u

∂un−1
+ f + (n− 1) · 2exey : n > 1

u + f : n = 1

⇒ ∂nu

∂fn
= u + n · f + 2exey ·

n∑
i=2

(i− 1) = u + 2n · yexey + n(n− 1) · exey

Analog :
∂mu

∂xm
= x2exey + y2exey + 2m · xexey + m(m− 1) · exey ⇒ ∂m+nu

∂xm∂yn
=

∂mu

∂xm
+

∂m

∂xm
(2n · yexey + n(n− 1) · exey)

=
∂mu

∂xm
+ [2n · yexey + n(n− 1) · exey] =

{
x2 + y2 + 2(mx + ny) + n(n− 1) + m(m− 1)

}
· exey
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Aufgabe 02

x2 =
ξ + η

2
, y2 =

ξ − η

2
,

∂u

∂x
=

∂f

∂ξ

∂ξ

∂x
+

∂f

∂η

∂η

∂x
+

∂f

∂ζ

∂ζ

∂x
=

∂f

∂ξ
2x +

∂f

∂η
2x +

∂f

∂ζ
2y

⇒ ∂2u

∂x2
=

∂2f

∂x∂ξ
2x + 2

∂f

∂ξ
+

∂2f

∂x∂η
2x + 2

∂f

∂η
+

∂2f

∂x∂ζ
2y

= 2x

(
∂2f

∂ξ2
2x +

∂2f

∂η∂ξ
2x +

∂2f

∂ζ∂ξ
2y

)
+ 2x

(
∂2f

∂ξ∂η
2x +

∂2f

∂η2
2x +

∂2f

∂ζ∂η
2y

)
+ 2y

(
∂2f

∂ξ∂ζ
2x +

∂2f

∂η∂ζ
2x +

∂2f

∂ζ2
2y

)
+ 2

∂f

∂ξ
+ 2

∂f

∂η

= 2(ξ + η) ·
[
∂2f

∂ξ2
+

∂2f

∂η2
+

∂2f

∂ξ∂η
+

∂2f

∂η∂ξ

]
+ 2ζ ·

[
∂2f

∂ζ∂η
+

∂2f

∂η∂ζ
+ +

∂2f

∂ξ∂ζ
+

∂2f

∂ζ∂ξ

]
+ 2(ξ − η) · ∂2f

∂ζ2
+ 2

∂f

∂ξ
+ 2

∂f

∂η

Analog :
∂2u

∂y2
= 2(ξ − η) ·

[
∂2f

∂ξ2
+

∂2f

∂η2
− ∂2f

∂η∂ξ
− ∂2f

∂ξ∂η

]
+ 2ζ ·

[
∂2f

∂ζ∂ξ
+

∂2f

∂ξ∂ζ
− ∂2f

∂ζ∂η
− ∂2f

∂η∂ζ

]
+ 2(ξ + η) · ∂2f

∂ζ2
+ 2

∂f

∂ξ
− 2

∂f

∂η

Aufgabe 04

∂xf :=
∂f

∂x
=


y3(4x2 − y2) + x4y

(x2 + y2)2
: (x, y) 6= (0, 0) (direktes ableiten)

0 : (x, y) = (0, 0) (Serie 04)

∂2f

∂y∂x
(0, 0) = lim

h→0

∂xf(0, h)− ∂xf(0, 0)
h

= lim
h→0

h3(0−h2)+0·h
(02+h2)2 − 0

h
= −1

∂yf(x, y) :=
∂f

∂y
(x, y) =

∂(−f)
∂y

(y, x) = −∂xf(y, x) =


x3(x2 − 4y2)− y4x

(x2 + y2)2
: (x, y) 6= (0, 0)

0 : (x, y) = (0, 0) (Serie 04)

∂2f

∂x∂y
(0, 0) = lim

h→0

∂yf(h, 0)− ∂yf(0, 0)
h

= lim
h→0

h3(h2−0)−0·h
(h2+0)2 − 0

h
= 1
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